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RESUMO

A medição do coeficiente de absorção sonora é um processo importante na acústica de salas, na

medida que seus resultados são utilizados por engenheiros e arquitetos em projetos, simulações,

especificações etc. Nesse contexto, é vital que os valores medidos sejam coerentes com o

comportamento apresentado pelo material em condições reais de aplicação. O padrão da

norma ISO 354 atual que rege medições do coeficiente de absorção sonora com incidência

difusa se embasa na equação de Sabine, que possui como premissa a existência de um

campo acústico difuso na câmara de reverberação. A condição de difusividade de um campo

sonoro é influenciada por fatores como a forma e tamanho do ambiente, e a presença de

elementos difusores, e pode ser um fator difícil de se estimar exatamente. Algumas técnicas

foram desenvolvidas para atingir uma medição mais confiável da absorção sonora. Este

trabalho visou utilizar o processamento conhecido como decomposição em ondas planas para

medir a absorção sonora de uma superfície in situ e quantificar a isotropia de uma câmara

reverberante sob diferentes condições de absorção. Ambas as aplicações foram testadas em

dois experimentos diferentes. A medição da absorção in situ apresentou bons resultados,

comparáveis aos valores obtidos por meio da resisitividade ao fluxo medida em laboratório,

com um erro que aparenta ser predominantemente sistemático. Ademais, a reconstrução do

campo sonoro foi abordada para amostragens com diferentes quantidades nos arranjos. De

modo geral, amostragens com mais pontos de medição apresentam reconstruções com erros

menores. A difusividade da câmara reverberante foi quantificada em quatro configurações de

absorção diferentes, incluindo o ambiente vazio. O indicador de difusividade apresenta valores

maiores para a câmara vazia do que para os casos com absorção, mas não mostra nenhuma

variação significante entre os casos com diferentes distribuições de absorvedores. Porém, o

efeito da distribuição dos absorvedores é notado nas curvas de decaimento de energia e nos

valores de absorção calculados pela fórmula de Sabine. Aparte disso, as reconstruções do

campo sonoro foram analisadas. As reconstruções para posições dentro do volume inicial de

amostragem aleatória exibiram erros menores que para os pontos fora do volume. Ademais,

as diferenças entre a utilização da norma-1 ou norma-2 no cálculo da isotropia também foram

observadas, com a norma-2 exibindo valores maiores devido a sua invariância rotacional.

Palavras-chave: coeficiente de absorção sonora; câmara reverberante; decomposição em ondas

planas; espectro do número de onda; difusão do campo sonoro.



ABSTRACT

The measurement of the sound absorption coefficient is an important process for room

acoustics, as the results they provide are used by engineers and architects for projects,

simulations, specifications and such. In this context, the measured values must be coherent

with the behaviour displayed by the material in real application conditions. The current ISO

354 standard that reigns over diffuse incidence absorption coefficient measurement relies

on the Sabine equation, which has as a premise the existence of a diffuse sound field in the

reverberation chamber. The diffuseness condition of the sound field is influenced by factors

such as the enclosure’s shape and size and the presence of diffusing elements and can be

challenging to determine exactly. A number of techniques were developed to achieve a more

trustworthy quantification of sound absorption. This work aimed to employ the process known

as plane wave decomposition to measure sound absorption of an absorbing surface in situ and

quantify the diffuseness inside a reverberation room under different absorption conditions. The

in situ absorption measurement presented good results, comparable to values calculated from

the flow resistivity measured in a laboratory, with an error that appears to be predominantly

systematic. Moreover, the sound field reconstruction quality was assessed for different amounts

of sampling in the array. In general, samplings with more points present reconstructions with

more minor errors. The diffuseness of the reverberation chamber was quantified for four

different absorption configurations, including the empty enclosure. The diffuseness indicator

presents higher values for the empty chamber than for the cases with absorption but does

not display any significant variation between the cases with different absorber distributions.

However, the effect of the distribution of the absorber is noted in the energy decay curves and

on the absorption values calculated by the Sabine formula. Aside from that, the reconstruction

of the sound field was analysed. The reconstructions for positions inside the initial random

sampling volume displayed smaller errors than those outside the volume. Moreover, the

differences in using the 1-norm or the 2-norm in the isotropy calculation were also observed,

with the 2-norm values displaying bigger values due to the rotational invariance of this norm.

Keywords: sound absorption coefficient; reverberation chamber; plane wave decomposition;

wavenumber spectrum; sound field diffuseness.
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1 INTRODUCTION

According to Brandão (2016), room acoustics is an area of the overall study of sound that
involves the interaction of the sound inside closed environments. The behaviour of the sound
inside said environment is related to the interactions between the sound and the objects’ surfaces
and the room’s boundaries. In this context, many real-life environments, such as recording
rooms, auditoriums, classrooms, video conferencing rooms, concert halls, and even audiometry
cabins, may be designed, simulated, and built using techniques from room acoustics.

Determining the acoustic characteristics of materials is relevant when designing,
simulating, or specifying construction materials. Concerning the reflection of the sound
impinging on a surface, Brandão (2016) defines three types of phenomena: absorption,
specular reflection, and diffuse reflection. Aside from these, there are other effects and related
characteristics such as transmission loss (JACOBSEN; JUHL, 2013), edge diffraction effect
(KUTTRUFF, 2009), and the surface impedance (VORLÄNDER, 2008). From these, an
engineer can predict or simulate how the sound behaves in that enclosure and make decisions
that will affect project requirements such as insulation, colouring, reverberation time, and
background noise level, among others.

Thus, having well-defined processes to measure the material parameters that affect
construction requirements is essential. Usually, the measurements rely on standards produced
by the International Organization for Standardization (ISO). Even in local instances,
standardisation organisations such as the Brazilian Association for Technical Standards
(ABNT), the German Institute for Standardisation (DIN), the British Standards Institution
(BSI), the American Society for Testing and Materials (ASTM), and the American National
Standards Institute (ANSI) refer to ISO standards when defining their procedures and
requirements. Sometimes, an ISO standard is even accepted as a local standard.

The ISO standards, namely the ISO 354 (ISO, 2003), and the ISO 3382 (ISO, 2010)
eventually apply classical results and techniques from room acoustics such as Sabine’s equation
for random incidence absorption calculation (KUTTRUFF, 2009) and Schroeder’s backwards
cumulative integral to measure reverberation time (BRANDÃO, 2016). In the case of Sabine’s
equation, one of the hypotheses that support its derivation is the assumption that the sound field
in the room is diffuse. It is worth remembering that Sabine’s equation was initially derived
empirically and subsequently demonstrated under the mentioned hypothesis.

A diffuse sound field can be defined in many ways and has many interesting properties
(de Carvalho; GOMES; SANT’ANA, 2022). To quote Jeong (2016), a diffuse sound field is
one where the sound pressure is uniform in all the points in the room (homogeneous), and
the probability of energy flow is the same for all directions (isotropic). That being said, in
reverberation rooms during the sound absorption measurement, because of the concentration
of the absorption on a surface, it is evident that there is going to exist a difference in energy
flow in the direction of the absorption. Thus the sound field will not be diffuse. Many
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researchers have pointed out this inconsistency and made efforts to investigate matters such
as the excessive variation of the absorption coefficient values and isotropy from laboratory
to laboratory (VERCAMMEN, 2010; JEONG; NOLAN; BALINT, 2018), the assessment of
isotropy in reverberation chambers (NOLAN, 2019) throughout her production, the behaviour
of isotropy during sound decay (BERZBORN; VORLÄNDER, 2019), among other research.

In the context of studying a sound field in material terms, Kuttruff (2009) attests that
a non-uniform distribution of absorption inside of the reverberation chamber fatally leads to
a sound field that is not diffuse. That is the foreseen condition on the procedure proposed on
the ISO 354 standard (ISO, 2003), which tries to circumvent this by adding diffusing elements
on the boundaries of the enclosure. This implies a series of problems because not only is it
currently difficult to quantify the effect these diffusers have on the sound field, but the addition
of these diffusing apparatuses can also lead to more absorption to be added to the system, which
can cause a contaminated or biased result, usually presenting an absorption value higher than
reality. Furthermore, the absorption value can also be overestimated to values higher than one
due to the edge diffraction effect (BRANDÃO, 2016).

All these uncertainties and overestimations resulting from choices made in producing the
standards eventually lead to companies selecting laboratories or reverberation chamber designs
that favour higher absorption values. Vercammen (VERCAMMEN, 2010; VERCAMMEN,
2009) refers to this as a “shopping” process. Moreover, the incoherence between measured
values and the actual characteristics of the material may lead to poorly made design choices
by architects, engineers, and designers, influenced by innermost factors they can’t control or
correct in any practical manner. Moreover, there can exist differences between the laboratory
conditions in which the measurements are conducted and their actual employment conditions.
In that sense, in situ techniques for measuring sound absorption can be an interesting way to
circumvent diffuse field requirements.

1.1 Objectives

In the presented context, this dissertation aims to study applications of the plane-wave
decomposition technique for measuring a surface’s sound absorption and quantifying the sound
field’s isotropy.

1.1.1 Specific Objectives

A few specific objectives can be derived from the general goal of this work, in no specific
order:

• Implement the plane-wave decomposition processing using inverse problem solution
techniques;
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• Implement the absorption calculation and the Paris formula;

• Implement the isotropy measure employing spherical harmonics decomposition;

• Validate the implemented calculations using simulation; and

• Perform tests and experiments.

Due to the diverse applications of plane-wave decomposition, the experimental aspect
of this research was split into two, one focusing on absorption measurements and one focusing
on isotropy measurements. This also allowed the author to use datasets previously measured by
the author in previous work (de Carvalho, 2021), the matter of which was the utilisation of the
robot as an array to perform sound field measurements for the ends of this work.

1.2 Methodological Approach

The sound field inside an environment may be approached in many ways. In this
research, the option was to follow the techniques proposed by Nolan (2019) of calculating the
plane-wave decomposition of the sound field in a particular region inside an enclosure.

For the in situ absorption measurement, the data measured by the author in other work
(de Carvalho, 2021) was used. The setup consisted of an absorbing surface mounted on one of
the walls of a laboratory room with furniture and equipment. The room was excited with an
omnidirectional sound source, and a robot was used as a sequential array with random positions
to measure the sound field near the absorber. From the array measurements, the wavenumber
spectra for a frequency range are calculated using the plane-wave decomposition, and each
of them can be used to calculate the directional sound absorption of the surface. The Paris
formula (BRANDÃO, 2016) can estimate the diffuse incidence absorption from the incidence-
dependent values.

For the diffuse field conditions experiment, multiple batteries of sequential array
measurements in different pairs of array and sound source positions for different absorption
configurations were performed inside a reverberation room. The plane-wave decomposition
is calculated from these data sets and, subsequently, the isotropy of the sound field. It is
also possible to extract the energy decay curves at each microphone position from the array
measurements. The intention is to identify and correlate the isotropy of the sound field and the
energy decay curves for the different absorption configurations.

1.3 Structure of the Text

Chapter 1 presented an introduction to the theme of this dissertation and the main
objectives of this research work.
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Chapter 2 presents the theoretical background and some literature review of concepts
and techniques vital to understanding this work.

Chapter 3 approaches the experimental setup of the performed array measurements and
justifies some of the choices made during the exploratory stage of the research.

Chapter 4 is divided into two parts, each relating to one of the experiments conducted
and their respective analyses and conclusions.

Chapter 5 presents an overall recapitulation of the proposed work, some findings and
some perspectives of potential further developments.
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2 THEORETICAL BACKGROUND AND LITERATURE REVIEW

This chapter is dedicated to reviewing theoretical topics and literature related to the
subjects of the dissertation (diffuse sound field, sound absorption, the ISO 354 standard et

cetera) and the techniques that are employed to perform the proposed analyses (energy decay
curves, plane-wave decomposition, spherical harmonics decomposition et cetera).

2.1 The Sound Field

Generally, a sound field is any situation where sound propagation exists. A plane wave
propagating unimpeded in a medium forms a sound field, a spherical wave propagating inside
an enclosure forms a sound field, and a plane wave generated by a piston, propagating inside a
cylinder, creates a sound field, among an endless amount of other situations.

In any sound field, there exist two fundamental measures. The sound pressure is a scalar
value usually denoted by 𝑝(𝑡), which measures the local variation of pressure depending on the
time 𝑡 caused by compression or rarefaction of particles of the medium (JACOBSEN; JUHL,
2013). The International System of Units (SI) unit of sound pressure is the pascal (with the
symbol Pa). The particle velocity, on the other hand, measures the velocity that the particles of
the medium achieve when moving back and forth, and so it is a vectorial measure that depends
on the time, denoted u(𝑡). Its SI unit is meters per second (m/s or m s−1) (JACOBSEN; JUHL,
2013). Another important measure can be derived from these two fundamental measures, which
is the sound intensity, denoted by I, that measures the flow of acoustic energy in a sound field
(JACOBSEN; JUHL, 2013). It is given by the relation

I(𝑡) = 𝑝(𝑡)u(𝑡), (1)

and has the SI unit W/m2 or W m−2.
Real-life sound fields are usually complex, as the sound, in its propagation, can interact

with surfaces, objects, or the medium itself and be reflected, absorbed, scattered, and diffracted.
In these occurrences, there will be a loss of energy. Interference between sound waves, whether
constructive or destructive, can also confer characteristics to the sound field. To simplify
analyses, a sound field can be divided into regions surrounding the source of the sound
(either an active source or a reflecting surface), following a set of criteria dependent on the
distance of measurement in relation to the source. Brandão (2016) separates the sound field into
three distinct regions: the near-field, the free-field, and the reverberant field. The near-field is
characterised by an erratic variation of the sound pressure level in relation to the distance. What
is not in the near-field is said to be in the far-field, and there is a transition region between them.
The distinction between the near and far fields depends on the distance of the analysed from the
source and on the frequency (BRANDÃO, 2016). The far-field can be seen as a superposition of
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two distinct fields: the free-field and the reverberant-field. The proportion between free-field and
reverberant-field depends not only on the distance from the source but also on the room’s volume
and surface area, the absorption characteristics of each surface, and the analysed frequency.
The dominant behaviour on the free-field is that the sound pressure level attenuates 6 dB every
time the distance from the source doubles (also called the inverse square law) (BRANDÃO,
2016), and the sound pressure level in the free field is a consequence of direct incidence from
the primary source of the sound. Beyond the free field is the reverberant field, in which the
sound energy is predominantly caused by the reflections of the sound on surfaces, making
it so that there is little to no variation in sound pressure level when distancing from sources
(BRANDÃO, 2016; KUTTRUFF, 2009; CROCKER, 2007). A valuable remark is that, aside
from open spaces and anechoic chambers (in which the surfaces are highly absorbent), the far
field portion of the sound field will be composed of a superposition of free field and reverberant
field, and in actuality, will not follow perfectly either of the described behaviours. To discern
between the free field and the reverberant field, the usual criterion is the distance beyond which
the contribution of the reflections is predominant and overcomes the contribution of the direct
incidence. This distance is called the critical distance (𝑟𝑐) and according to Kuttruff (2009) it is
calculated by

𝑟c =

(︂
𝐴

16𝜋

)︂1/2

≈ 0.1

(︂
𝑉

𝜋 𝑇rev

)︂1/2

, (2)

in which 𝐴 is the equivalent absorption area of the room, 𝑉 is the volume of the room, and 𝑇rev

is the reverberation time of the room.
It is not uncommon to see the reverberant field denominated diffuse field (BRANDÃO,

2016). However, a diffuse field can also refer to the perfectly diffuse sound field (KUTTRUFF,
2009; JACOBSEN; JUHL, 2013; CROCKER, 2007), which has other requirements and is by
all accounts an idealisation. Thus, in this work, the terminology for “a sound field in which
the SPL’s main contribution is due to the reflections” will be “reverberant field”, and a “diffuse
sound field” will refer to a sound field which is coherent to the idealised concept presented on
Section 2.2.

2.2 The Diffuse Sound Field

The diffuse sound field is an idealised concept with many different approaches to its
definition. The first consideration that must be done is that a perfectly diffuse sound field is a
naturally unachievable condition because it derives from an idealised scenario. There has been
an effort to rectify and concentrate the many different definitions and approaches that relate
to the diffuse sound field (de Carvalho; GOMES; SANT’ANA, 2022; JEONG, 2016; JEONG;
NOLAN; BALINT, 2018), with the objectives of finding whichever approach is more suitable
to a particular analysis, rectifying misconceptions on the matter, and discussing the validity and
application of metrics for sound field diffuseness.
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Jeong (2016) states that the more accepted definition of a diffuse sound field is one
where the sound pressure is uniform in relation to space — usually, this condition is referred to
as homogeneity — and the probability of energy flow is uniform with regards to the direction
— usually referred as isotropy.

It is essential to highlight that different authors have different ways of describing the
diffuse sound field. Schultz (1971) cites uniformity in energy flow. Jacobsen (1979) proposes
that, besides the isotropy condition, a diffuse sound field can be modelled by an infinite amount
of plane waves that propagate with randomly related phases arriving from uniformly distributed
directions. Moreover, in a more fundamental sense, Jacobsen (1979) also states that a diffuse
sound field has an infinite amount of plane waves with random phase relations — in other
words, the real and imaginary parts of the intensity are randomly related — arriving with the
same probability with regard to the directions (JACOBSEN, 1979). This, in turn, as derived
by Jacobsen, implies that the probability of energy flow is the same in all directions. The IEC
61183 standard defines the diffuse sound field as one wherein a certain position in space, and
in a certain frequency or frequency band, the sound field is formed by sound arriving almost
simultaneously from all directions with equal probability and level (IEC, 1994). Kuttruff (2009)
defines that an isotropic sound field exists when the differential sound intensity is independent
of the direction. It must be remarked that Kuttruff approaches isotropy and diffuseness as the
same.

Still following Kuttruff’s considerations on the matter, the author states that, in reality,
a sound field can never be completely diffuse because, in that case, there would not exist net
energy flow in the room (KUTTRUFF, 2009). It is not difficult to convince oneself of this since
every surface — even the most perfectly reflecting surface attainable — will display losses that
will cause an energy flow in their direction. This is even more true when using an enclosure to
measure the sound absorption of a sample, as there will be a relatively large portion of the area
with exactly the characteristic of absorbing sound energy. Moreover, specific room geometries
— such as corners, domes, concavities, et cetera — may cause a concentration of sound energy
in certain regions, infringing on the sound field’s homogeneity condition.

Thus, Kuttruff states that the isotropy of the sound incidence inside a volume can not
guarantee a diffuse sound field by itself and that the quantity and the distribution of the sound
absorption around the enclosure are equally important.

Kuttruff (2009) analyses the sound field through the intensity as a function of the
direction 𝐼(𝜑,𝜃). The energy density is described by

d𝑤 =
𝐼(𝜑,𝜃)

𝑐
dΩ, (3)

where d𝑤 is the differential energy density, 𝐼(𝜑,𝜃) = |I(𝜑,𝜃)| and dΩ is a infinitesimally small
solid angle. Kuttruff (2009) states that since the sound field is diffuse, 𝐼(𝜑,𝜃) does not depend
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on (𝜑,𝜃), and thus the integration reveals

𝑤 =
4𝜋 𝐼

𝑐
· (4)

Then, Kuttruff deduces that, since the sound waves do not lose energy with distance in
the diffuse sound field, the energy density is constant through the space (KUTTRUFF, 2009).

Jacobsen and Juhl (2013) proposes that a good model for the diffuse sound field is
formed by sound waves coming from all directions. This essentially means a scenario in an
open medium with uncorrelated sound sources evenly distributed around a region of interest.

2.3 Energy Decay Curves

Energy Decay Curves (EDCs), also called Energy Decay Functions (EDFs), are a visual
manner of observing the energy decay of a room. They stem from Schroeder’s seminal research
on reverberation (SCHROEDER, 1965) and are calculated using what has become known as
backwards integration (KUTTRUFF, 2009)

⟨𝑠2(𝑡)⟩𝑡 =
∫︁ ∞

𝑡

[ℎ(𝜏)]2d𝜏 =

∫︁ ∞

0

[ℎ(𝜏)]2d𝜏 −
∫︁ 𝑡

0

[ℎ(𝜏)]2d𝜏 , (5)

where ⟨𝑠2(𝑡)⟩𝑡 is the decay curve (time average of the energy of the signals), and ℎ(𝜏) is
an impulse response of the room relating a certain source position to a certain microphone
position. The backwards integration essentially relates the ensemble average of the squared
sound pressure signals at the receiver to the room’s impulse response. Because the interactions
between the sound and the room are ergodic, the ensemble average corresponds to the time
average.

It is usual to plot the energy decay curves in logarithmic scale and for each third-octave
frequency band, although other bandwidths can be used. Figure 1 displays the energy decay
curves of an impulse response of a small reverberation room (115.01 m3) damped with 10.3 m2

of glass wool for the 500 Hz, 1000 Hz, and 2000 Hz third-octave bands.
A few things can be observed and extracted from energy decay curves. The energy

decay curve can be analysed to supply an initial notion of the behaviour of the room. Randall
and Ward (1960) mention that one of the characteristics of the diffuse sound field is that the
decay is perfectly exponential when the field is perfectly diffuse. Furthermore, the mentioned
authors state that in diffuse sound fields, the decay’s characteristics are not dependent on the
frequency. These are not diffuseness indicators, as they can happen in non-diffuse sound fields
under certain conditions, but they can be used as starting points for practical analysis.

The reverberation time (𝑇rev) of a room can be estimated from an energy decay curve.
The reverberation time is defined as the time at which the energy decays to one-millionth of the
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Figure 1 – Measured energy decay curves of an impulse response for 250 Hz (red), 500 Hz (green),
1000 Hz (blue), and 2000 Hz (yellow) third-octave bands.

Source: own authorship (2024).

initial energy, or, regarding energy level, the energy level decays 60 dB. This can be carried out
either by taking the actual time value where the curve crosses -60 dB on the graphic (𝑇60) —
which usually does not present adequate results due to background noise — or by interpolating
a straight line between two points of the decay and tracing it until it crosses -60 dB. Different
regions of interpolation will produce different metrics:

• 0 to -10 dB: early decay time (EDT);

• -5 to -25 dB: 𝑇20; and

• -5 to -35 dB: 𝑇30, for example.

Balint et al. (2022) propose the modelling of decay functions by a multi-exponential
approach. In this case, there are multiple decay times relating to different modes and their
directions, with the shortest decay time pertaining to the more attenuated modes, e.g. modes
more affected by an absorber. Describing a decay process with multiple (usually 2) exponential
functions requires implementing a Bayesian estimation approach.
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2.4 Sound Absorption

Sound absorption can be defined as a mechanism by which the sound loses energy
when propagating. There exist many mechanisms that cause the sound to lose energy during
propagation, such as the effects of the boundaries of the enclosure, where the sound reflects and
the effect of the medium in which the sound waves propagate, which is usually air. Furthermore,
when approaching the energy loss that happens on reflections, there are even more ways this
can happen. In this work, the focus will be turned to the sound absorption that happens on the
walls, ceiling, and floor of a room.

Brandão (2016) defines the plane-wave absorption coefficient as

𝛼(𝜗) = 1− |𝑉p|2, (6)

in which 𝛼(𝜗) is the absorption coefficient, a function of the incidence angle 𝜗, and 𝑉p is the
reflection coefficient. It is worth clarifying that 𝑉p is also dependent on the incidence angle
of the sound into the surface and that the dependence in 𝛼(𝜗) is a direct consequence of this
fact. Thus, it is also worth stating that the absorption and the reflection coefficients depend on
concrete factors such as the material’s properties and how it is assembled on its utilisation site.

Furthermore, from Equation (6), one can deduce that the maximum value that 𝛼(𝜗) can
achieve is 1 — when 𝑉p = 0 and there is no reflection — and the minimum value is 0 — when
|𝑉p| = 1 and all the energy is reflected by the surface.

A value of absorption that depends on incidence can be interesting for specific
applications. Still, in real-life scenarios, the incidence of sound on a particular surface will
come from many directions.

Therefore, it is necessary to transform 𝛼(𝜗) into a type of measure that is sole value,
as it makes the classification of different materials and assemblies easier, but that is also still
representative of the analysed phenomena. This can be carried out by applying the Paris formula
(BRANDÃO, 2016)

𝛼s =

∫︁ 𝜋/2

0

𝛼(𝜗) sin (2𝜗)d𝜗, (7)

where 𝛼s is called the statistical absorption coefficient (hence the sub-index “s”).
Measuring the absorption of a sample 𝛼s utilising its directional absorption 𝛼(𝜗) can be

a genuinely laborious and resource-consuming endeavour. Several works in progress propose
and apply techniques and devices to perform this type of estimation (NOLAN, 2020; SOUZA,
2022; de Carvalho et al., 2022), and the area of in situ absorption measurements has been
thriving with scientific production as of late.

Other approaches to determining 𝛼s can be helpful given that 𝛼(𝜗) is not trivial to find.
A technique based on the works of Sabine (1922) was developed to that end, and it is often used
for its simplicity and the correspondence to the ISO 354 standard (ISO, 2003).
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2.4.1 The Sabine Equation

Kuttruff (KUTTRUFF, 2007) presents that the decay of energy density in a room follows
the relation

𝑤(𝑡) = 𝑤0 exp (−2 ⟨𝛿⟩ 𝑡), for 𝑡 ≥ 0, (8)

in which 𝑤(𝑡) is the energy density at a time 𝑡, 𝑤0 is the initial energy density, and ⟨𝛿⟩ is the
average decay constant of the modes. Kuttruff (2007) then states that the decay has a duration
of the necessary time for the energy density to drop to one-millionth of its initial (−60 dB) —
i.e. 𝑤(𝑡)

𝑤0
= 10−6. This leads to

10−6 = exp (−2 ⟨𝛿⟩𝑇rev), (9)

where 𝑇rev is the reverberation time, which is the time necessary for the energy density to drop
−60 dB. Applying the natural logarithm on both sides

−6 ln 10 = (−2 ⟨𝛿⟩𝑇rev), (10)

and isolating 𝑇rev

𝑇rev =
3 ln 10

⟨𝛿⟩
, (11)

produces a relation between the reverberation time and the average decay constant of the room.
Considering a sound source exciting the room, its energy balance is given by

𝑉
d𝑤
d𝑡

= 𝑃 (𝑡)− 𝑐 (𝐴+ 4 𝜂 𝑉 )𝑤

4
, (12)

in which the left-hand term is the temporal variation of energy (power) inside a constant volume
𝑉 , 𝑃 (𝑡) is the source power and 𝑐 (𝐴+4 𝜂 𝑉 )𝑤

4
is the power absorbed by the absorbing device with

an equivalent absorption area 𝐴 and by the air with absorption constant 𝜂 (m−1) (BRANDÃO,
2016). Remarkably, there is no assumption of the enclosure’s geometry or the absorbing surface.
The meaning of the equivalent absorption area is the weighted sum of all the surfaces of area 𝑆i

by their respective diffuse incidence absorption coefficients 𝛼s, i.
For a room driven by the power 𝑃 (𝑡) to a steady-state scenario, when the source is

“turned off” in 𝑡 = 0, 𝑃 (𝑡 = 0) = 0 and Equation (12) is homogeneous with solution

𝑤(𝑡) = 𝑤0 exp

(︂
−𝑐 (𝐴+ 4𝑚𝑉 ) 𝑡

4𝑉

)︂
for 𝑡 > 0. (13)
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Comparing Equation (8) to Equation (13), one can conclude that

−2 ⟨𝛿⟩ 𝑡 = −𝑐 (𝐴+ 4𝑚𝑉 ) 𝑡

4𝑉
for 𝑡 > 0, (14)

and thus isolate ⟨𝛿⟩, obtaining

⟨𝛿⟩ = 𝑐 (𝐴+ 4𝑚𝑉 )

8𝑉
for 𝑡 > 0. (15)

Now, substituting Equation (15) on Equation (11) and simplifying

𝑇rev =
24 ln (10)𝑉

𝑐 (𝐴+ 4𝑚𝑉 )
, (16)

or solving for 𝐴

𝐴 =
24 ln (10)𝑉

𝑐 𝑇rev
− 4𝑚𝑉 , (17)

which is called the Sabine equation, as per the ISO 354 standard (ISO, 2003).
It is interesting to remark that Sabine’s equation was initially derived empirically. It

is a known fact that using Sabine’s formula to calculate the absorption leads to systematic
errors in the computed values (BRANDÃO, 2016; JACOBSEN; JUHL, 2013; KUTTRUFF,
2009; PRAWDA; SCHLECHT; VÄLIMÄKI, 2022), overestimating them sometimes presenting
values over 1, which breaks the definition of the absorption coefficient. These systematic
errors can be attributed to a vast set of circumstances and phenomena, such as measurement
errors, insufficient diffusion of the sound field, irregularities in the shape of the sample, edge
diffraction, and large values of absorption of the sample (BRANDÃO, 2016).

2.5 The ISO 354 Standard

The ISO 354 standard (ISO, 2003) is the standard that relates to measuring the sound
absorption of material inside an enclosed space. Its first edition was published in 1985, with a
second updated edition published in 2003. The 2003 edition was subsequently reviewed in 2008
and 2015.

The objective of this standard is to define a procedure to measure a diffuse incidence
absorption coefficient, departing from the principle that the distribution of the sound waves
inside an enclosure follows a uniform distribution. This, combined with the independence of the
sound intensity from the spatial position, allows for a diffuse field approach to the absorption
measurement, as the incidence over a sample would be random.

The standard assumes that the sound field inside a “properly designed reverberation
room” (ISO, 2003) is close enough to a diffuse sound field. Therefore, the technique would be
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suitable to measure an absorption coefficient for materials to be used in places such as concert
halls, offices, factories, and shops, i.e. areas where the incidence of sound and (or) noise can
come from many directions simultaneously. In the scope of the ISO 354 standard, not only the
measurement of materials for ceiling and wall treatments is accounted for, but also of objects
such as furniture, space absorbers and even people.

The standard ISO 354 (ISO, 2003) proposes that the sound absorption coefficient 𝛼S

is calculated through the ratio between an equivalent sound absorption area 𝐴T and the actual
surface area of the absorber 𝑆

𝛼s =
𝐴T

𝑆
· (18)

The value of 𝐴T is the equivalent absorption area of the chamber with the tested sample
𝐴WS minus the equivalent absorption area of the empty chamber 𝐴E

𝐴T = 𝐴WS − 𝐴E . (19)

In any case, the equivalent absorption area is calculated by the Sabine Equation. The
reverberation time utilised should be the average of the reverberation times measured each in a
different pair of a source and a transducer.

The standard has a few requirements that do not affect the measurement procedure per

se but follow good practices for its application:

• The minimum volume 𝑉 of the reverberation chamber by the ISO 354 (ISO, 2003) is
150 m3, with a suggestion for 200 m 3;

• The maximum length of the longest straight line inside the volume of the room should
be smaller than 1.9 V 1/3.

• No dimensions of the room should be multiple of each other by a natural number;

• The sound field should be “sufficiently” diffuse; and

• The number of decay curves for the reverberation time averaging should be at least 12,
with a minimum of microphone positions of 3 and a minimum of source positions of
2.

2.6 Plane-Wave Decomposition

Plane-wave decomposition or wavenumber approach is a technique used to represent the
sound field in a region as a function of the wavenumber vector that determines a certain direction
of propagation (NOLAN, 2019). The name stems from the fact that this is a transformation of
the spatially sampled sound field onto a selected basis of plane-wave functions of the type
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𝐶 e−jk·r, with 𝐶 ∈ C being a complex coefficient, k ∈ R3 is the wavenumber vector on the
wavenumber (angular) space, and the r ∈ R3 is a spatial sampling position.

This type of approach can be found throughout Nolan’s work (NOLAN, 2019; NOLAN,
2020; NOLAN; FERNANDEZ-GRANDE; JEONG, 2015; NOLAN et al., 2016) and articles by
Brandão (BRANDÃO; FERNANDEZ-GRANDE, 2022), Fernandez-Grande (FERNANDEZ-
GRANDE, 2016), Berzborn (BERZBORN et al., 2019), and others (SOUZA, 2022; de Carvalho
et al., 2022; SOUZA; FONSECA; BRANDÃO, 2022). The technique can be used in a variety
of contexts, but in this study, the focus will be on calculating the wavenumber spectrum to be
used in the quantification of the isotropy of the sound field in a region (to be further explored in
Section 2.7).

2.6.1 Formulation

The formulation for the plane-wave decomposition starts on the Inverse Three-
dimensional Fourier Transform, which, according to Nolan (2019), is

𝑝(r𝑚) =

+∞y

−∞

𝑃 (k) e−jk · r dk, (20)

where 𝑝(r𝑚) ∈ C is the complex sound pressure in the 𝑚th sampling position r𝑚 ∈ R3 in
space, k ∈ R3 is the wavenumber vector, and 𝑃 (k) ∈ C is the wavenumber spectrum. The
wavenumber spectrum can be, of course, written as an explicit combination of its absolute value
|𝑃 (k)| and phase 𝜙(k), that is 𝑃 (k) = |𝑃 (k)| ej𝜙(k).

A crucial hypothesis is needed at this point to proceed with the formulation (NOLAN,
2019). Selecting a plane-wave basis such that |k|2 ≥ 𝑘2

𝑥 + 𝑘2
𝑦 , means that no evanescent waves,

i.e. waves that do not radiate to the far field are present (de Carvalho et al., 2022).
Figure 2 displays a single point of a plane-wave basis, which represents a direction of

propagation, in a normalised k-space — where the radiation sphere has radius 1. The absorption
plane divides what are the incidence directions and what are the reflected directions when this
context is applicable.

Performing the following change into spherical coordinates (de Carvalho et al., 2022):

• 𝑥𝑚 = 𝑟 sin(𝛾) cos(𝜉);

• 𝑦𝑚 = 𝑟 sin(𝛾) sin(𝜉);

• 𝑧𝑚 = 𝑟 cos(𝛾);

• 𝑘𝑥 = 𝑘 sin(𝜃) cos(𝜑);

• 𝑘𝑦 = 𝑘 sin(𝜃) sin(𝜑); and
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Figure 2 – Illustration of a plane-wave propagation direction in a normalised
k-space.

Source: own authorship (2024).

• 𝑘𝑧 = 𝑘 cos(𝜃);

leads Equation (20) to Equation (21)

𝑝(r𝑚) =

+∞∫︁
0

2𝜋∫︁
0

𝜋∫︁
0

𝑃 (k)e−j 𝑘 𝑟 (sin(𝛾) sin(𝜃) cos(𝜑−𝜉)+cos(𝜃) cos(𝛾)) 𝑘2 sin(𝜃) d𝑘 d𝜃 d𝜑, (21)

where 𝑝(r𝑚) = 𝑝(𝑟,𝛾, 𝜉) in the spherical coordinates of the space and 𝑃 (k) = 𝑃 (𝑘, 𝜃, 𝜑) in the
spherical coordinates of the wavenumber space.

Another vital consideration is pertinent at this moment, which is that the sound field is
being generated by a pure tone of frequency 𝑓0. According to Nolan (2019), if that is the case,
all plane waves exist in the surface of the radiation sphere of radius 𝑘0 = (2𝜋𝑓0)/𝑐 in the k-
space. This implies that the wavenumber spectrum, i.e. the representation of the sound field in
the wavenumber domain, can be written by means of (NOLAN, 2019)

𝑃 (𝑘,𝜃,𝜑) =
𝛿(𝑘 − 𝑘0)

4𝜋𝑘2
̃︀𝑃 (𝜃,𝜑), (22)

where 𝛿(𝑘 − 𝑘0)/4 𝜋 𝑘2 is the Spherical Dirac Delta function for spherically symmetric curved
spaces and ̃︀𝑃 (𝜃,𝜑) is the two-dimensional (hence 𝜃 and 𝜑) wavenumber spectrum coefficient.
Substituting Equation (22) into Equation (21) and bearing in mind that 𝛿(𝑘−𝑘0) = 1 only when
𝑘 = 𝑘0 (de Carvalho et al., 2022), the sound pressure field can be written as a double integral in
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𝜃 and 𝜑

𝑝(r𝑚) =
1

4𝜋

2𝜋∫︁
0

𝜋∫︁
0

̃︀𝑃 (𝜃,𝜑)e−j 𝑘0 𝑟 (sin(𝛾) sin(𝜃) cos(𝜑−𝜉)+cos(𝜃) cos(𝛾)) sin(𝜃) d𝜃 d𝜑. (23)

which can be interpreted as a summation of infinitely close plane waves weighed by ̃︀𝑃 (𝜃,𝜑).
In practical terms, this leads to the discrete approximation

𝑝(r𝑚) =
𝐿∑︁
𝑙=1

̃︀𝑃 (k𝑙)e−jk𝑙 · r𝑚 , (24)

in which 𝑝(r𝑚) is the sound pressure sampled at a position r𝑚, ̃︀𝑃 (k𝑙) is the component of the
wavenumber spectrum that relates to the direction of k𝑙. Instead of infinitely close plane waves,
Equation (24) considers 𝐿 well-defined directions of propagation. It is worth remarking that
Equation (24) relates a single sound pressure sampled in r𝑚 to the 𝐿 sized plane-wave basis.

For a set of 𝑀 measurements, 𝑀 equations similar to Equation (24) can be combined
into a matrix equation, as in

p =

⎛⎜⎜⎜⎜⎜⎜⎝
e−jk1·r1 . . . e−jk𝐿·r1

... . . . ...

e−jk1·r𝑀 . . . e−jk𝐿·r𝑀

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
𝑃̃ (k1)

...

𝑃̃ (k𝐿)

⎞⎟⎟⎟⎟⎟⎟⎠ , (25)

which can be rewritten in a simpler manner

p = Hx, (26)

in which p ∈ C𝑀 is the vector with the sound field samples in the 𝑀 positions, x ∈ C𝐿 is
the wavenumber spectrum, and H is called the transfer matrix (NOLAN, 2019). The transfer
matrix contains the exponential terms that relate the r𝑚 (𝑚 = 1, ...,𝑀 ) positions and the k𝑙

(𝑙 = 1, ..., 𝐿) plane waves.
The problem described in Equation (26) amounts to finding x from a known H and a

measured p.

2.6.2 Ill-Posed Problems and Regularisation

A critical remark about the problem at hand — Equation (25) or Equation (26) — is
that 𝐿 ≫ 𝑀 , with 𝐿 usually being “thousands” of plane waves and 𝑀 being “hundreds” of
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positions, which means that this corresponds to an ill-posed problem. In other words, because
H does not have an inverse (because it is rectangular), a unique x that solves Equation (26)
cannot be found. Therefore, a regularisation is required to find an estimate of x, which will be
denoted x̂.

The first instinct to solve Equation (26) for x would be to use a least squares solution
formulated as

x̂ = min
x

‖Hx− p‖22, (27)

where ‖ · ‖22 denotes the square of the Euclidean norm. This formulation will present a solution
for which the residual is minimal. However, this can also present a solution that is not stable,
non-regular, or both. This is problematic due to the physical interpretation of the solution x̂.
Reverberant sound fields imply that the sound impinges from several directions in a region,
which can be translated to a smoothness or regularity requirement of the wavenumber spectrum.

To incorporate the regularity requisite in the least squares problem, the Tikhonov
regularisation technique can be used (HANSEN, 2010; CESARO; LEITÃO, 2010). This is
a well-known solution for inverse problems and has been associated with the plane-wave
decomposition technique throughout its implementations (NOLAN, 2019; de Carvalho et

al., 2022; BRANDÃO; FERNANDEZ-GRANDE, 2022; FERNANDEZ-GRANDE, 2016; de
Carvalho et al., 2022). The Tikhonov solution for a least squares problem is defined as

x̂ = min
x

‖Hx− p‖22 + 𝜆2 ‖x‖22 , (28)

in which 𝜆 is called the regularisation parameter. The core of the Tikhonov regularisation is that
𝜆 is chosen following a criterion in such a way that it ponders between the norm of the residual
‖Hx−p‖2 (i.e., how well the solution fits the problem) and the norm of the solution ‖𝑥‖2 (i.e.,
how regular the solution itself is), leading to a solution that fits satisfactorily Equation (26) and
is regular enough to be representative of the measured sound field. It is interesting to remark
that different criteria also exist, such as the compressive sensing technique, which uses the ‖ · ‖1
norm, associated with the sparsity of the solution.

Equation (28) has a closed form solution for x̂ (de Carvalho et al., 2022; HANSEN,
2010)

x̂ = (HH H+ 𝜆2 I)−1HH p , (29)

which can be further simplified by applying the singular value decomposition (SVD) of H (de
Carvalho et al., 2022; HANSEN, 2010)

x̂ = V (ΣH Σ+ 𝜆2 I)−1Σ*UH p , (30)

in which H = UΣVH is the SVD of H, U and V being unitary (i.e. U−1 = UT) and Σ being
a diagonal matrix containing the singular values {𝜎1,...,𝜎𝑀} of H in its principal diagonal.
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Having in mind the nature of the matrices U, V and Σ, and through some algebraic
manipulation, Equation (30) can be written as a summation of vectors (de Carvalho et al., 2022;
HANSEN, 2010) such as

x̂ =
𝑛∑︁

𝑖=1

Φ
[𝜆]
𝑖

uH
𝑖 p

𝜎𝑖

v𝑖 , (31)

where Φ
[𝜆]
𝑖 is the filter factor or filter function (HANSEN, 2010; CESARO; LEITÃO, 2010)

Φ
[𝜆]
𝑖 =

|𝜎𝑖|2

|𝜎𝑖|2 + 𝜆2
· (32)

The filter factor is important because it behaves in such a manner that reduces the
influence of the errors caused by the smaller singular values (when 𝜆 ≫ 𝜎𝑖) (de Carvalho
et al., 2022; HANSEN, 2010).

The regularisation parameter 𝜆 can be selected following many different criteria. A
classical procedure to determine 𝜆 is the L-curve method (de Carvalho et al., 2022; HANSEN,
2010), which amounts to find the 𝜆 that produces the maximum curvature on the curve that
relates ‖x̂‖2 and ‖Hx̂ − p‖2. The technique is called L-curve because the relation between
‖x̂‖2 and ‖Hx̂ − p‖2 in the logarithmic scale resembles an “L” shape, with the maximum
curvature being the transition between the vertical portion of the “L” and the horizontal part of
the “L”.

2.6.3 Sound Field Reconstruction

The sound field can be reconstructed in arbitrary positions using the wavenumber
spectrum measured from an array (NOLAN, 2019; de Carvalho et al., 2022; FERNANDEZ-
GRANDE, 2016; NOLAN et al., 2019). This can be employed to assess the acoustic
impedance of a surface, for instance, by reconstructing the sound pressure and the particle
velocity (NOLAN, 2019; FERNANDEZ-GRANDE, 2016; NOLAN et al., 2019). The sound
intensity can also be calculated from the reconstruction of the sound field (NOLAN, 2019;
FERNANDEZ-GRANDE, 2016; NOLAN et al., 2019).

The reconstruction process is the solution to the direct problem for an estimated x̂. For
sound pressure, the reconstruction is given by Equation (33)

pr = Hrx̂, (33)

in which pr is the size 𝐾 vector containing the reconstructed sound pressures in 𝐾 arbitrary
positions in the vicinity of the array, and Hr is the 𝐾×𝐿 reconstruction matrix, calculated from
the plane wave functions evaluated on the points where the sound field will be reconstructed.
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Figure 3 – Wavenumber spectrum for a sound field created following Jacobsen’s model at 500 Hz.
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Once pr is calculated, one can calculate the particle velocity ur through Equation 34,
and the active and reactive intensities Ia,r and Jr using Equations 35 and 36

ur = − 1

j𝜔 𝜌
∇Hrx̂, (34)

Ia,r =
1

2
Re [pru

*
r] , (35)

Jr =
1

2
Im [pru

*
r ] , (36)

in which ∇Hr is the gradient of the reconstruction matrix, 𝜔 is the angular velocity, and 𝜌 is the
air’s specific mass.

2.6.4 Wavenumber Spectrum of a Diffuse Sound Field

For Jacobsen’s diffuse sound field model described in Section 2.2, the wavenumber
spectrum is shown in Figure 3. A total of 10242 sound sources, placed over a sphere with 50 m
of radius following an icosahedron-based distribution, were used to simulate the sound field,
which was sampled in random positions, using the same array from Figure 20. The frequency
generated by these sources was set at 500 Hz.

It can be observed that the diffuse sound field presents almost the same sound power
level in every direction.
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2.6.5 Calculation of the Sound Absorption from the Wavenumber Spectrum

When calculated in relation to an absorbing surface, the angular spectrum contains
information about the incident and reflected sound energies on the absorber. Thus, the
incidence-dependent absorption coefficient 𝛼(𝜗) can be computed by means of

𝛼(𝜗) =
𝑊abs(𝜗)

𝑊inc(𝜗)
= 1− 𝑊ref(𝜗)

𝑊inc(𝜗)
, (37)

in which 𝑊abs(𝜗) is the absorbed energy, 𝑊ref(𝜗) is the reflected energy, and 𝑊inc(𝜗) is the
energy that impinges on the absorber. In any case, the third-octave angular spectra must
be averaged in the azimuth 𝜑. This mitigates potential biases caused by directions with no
incidence (NOLAN, 2020). This averaging process essentially corresponds to the numerical
integration of the energy — or |x̂|2 — on the azimuth interval [0, 2𝜋]. The quantities 𝑊ref(𝜗)

and 𝑊inc(𝜗) can be calculated using

𝑊ref(𝜗) =
1

2𝜋

∫︁ 2𝜋

0

| ̃︀𝑃 (𝜃,𝜑)|2 d𝜑,

𝑊inc(𝜗) =
1

2𝜋

∫︁ 2𝜋

0

| ̃︀𝑃 (𝜋 − 𝜃,𝜑)|2 d𝜑.

(38)

To determine a diffuse field absorption coefficient, one can use the Paris’ formula
(BRANDÃO, 2016)

𝛼s =

∫︁ 𝜋/2

0

𝛼(𝜗) sen(2𝜗) d𝜗. (39)

It should be noted that the Paris’ formula considers that the incidence on the absorber is
the same in every direction, which is unlikely to happen for in situ conditions. However, using
a near-omnidirectional sound source — as omnidirectionality is another idealised concept, the
room can be excited in such a way that the many reflections in the in situ environment impinge
on the absorber, and, through averaging, the lack of isotropic incidence is mitigated.

2.7 Isotropy Indicator

Nolan (2019) proposes a metric to quantify the diffuseness of a sound field based on its
isotropy. An isotropic sound field is, by definition, spherically symmetric. In practical terms,
the magnitude of the waves is constant with the directions.

For Nolan’s indicator, the first step is a spherical harmonics decomposition of the
wavenumber spectrum. The absolute value of the wavenumber spectrum representation of the
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Figure 4 – Spherical harmonics for orders 0 (first row), 1 (second row) and 2
(third row).

Source: own authorship (2024).

sound field relates to the spherical harmonics by means of

| ̃︀𝑃 (𝜃,𝜑)| =
∞∑︁
𝑛=0

𝑛∑︁
𝑑=−𝑛

𝐴𝑑,𝑛(𝑘0)𝑌
𝑑
𝑛 (𝜃,𝜑), (40)

in which 𝐴𝑑,𝑛(𝑘0) are the spherical Fourier coefficients and 𝑌 𝑑
𝑛 (𝜃,𝜑) are the spherical harmonics.

The spherical harmonics up to an order 𝑁 = 2 are depicted in Figure 4. Further orders are
omitted for the sake of briefness. The process for calculating the 𝐴𝑑,𝑛(𝑘0) coefficients is based
on work by Fahim (2019).

The dependence of 𝑘0 reinforces that a distinct set of coefficients will exist for each
frequency. The inverse transform that supplies 𝐴𝑑,𝑛(𝑘0) is

𝐴𝑑,𝑛(𝑘0) =

∫︁ 2𝜋

0

∫︁ 𝜋

0

| ̃︀𝑃 (𝜃,𝜑)| [𝑌 𝑑
𝑛 (𝜃,𝜑)]

* sin (𝜃) d𝜃 d𝜑, (41)

which can be computationally expensive and prone to errors due to discretization. To find the
spherical harmonics coefficients, a better alternative is to reinterpret Equation (40) as a matrix
equation and solve it for the coefficients 𝐴𝑚,𝑛(𝑘0).

There are two different ways to define the diffuseness indicator relating to the type of
norm utilised. The diffuseness indicator using the 1-norm is defined as (NOLAN, 2019)

𝜄1(𝑘0) =
|𝐴0,0(𝑘0)|

∞∑︀
𝑛=0

𝑛∑︀
𝑑=−𝑛

|𝐴𝑑,𝑛(𝑘0)|
, (42)

where 𝜄 is the isotropy or diffuseness (highlighting that isotropy is the governing condition for
diffuseness), and |𝐴0,0(𝑘0)| is the magnitude of the monopole spherical harmonic. Notice that
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the summation in the degrees of the spherical harmonics is done using a simple summation,
which is what is referred to as 1-norm (TANAKA; OTANI, 2023). The other way of calculating
the isotropy of the sound field is to use the 2-norm of the spherical harmonics. This is carried
out by means of

𝜄2(𝑘0) =

√︀
|𝐴0,0(𝑘0)|2

∞∑︀
𝑛=0

√︃
𝑛∑︀

𝑑=−𝑛

|𝐴𝑑,𝑛(𝑘0)|2
, (43)

in which the summation in the spherical harmonics degrees is done by means of the square
root of the sum of the squares (TANAKA; OTANI, 2023). The main difference between the two
techniques, according to Tanaka and Otani (2023), is the utilisation of the 2-norm circumvents a
bias present in the 1-norm technique, which overestimates the contribution of plane waves near
the polar directions. This is observed by verifying the isotropy values for single plane-wave
wavenumber spectra with different directions of arrival. It was noticed that when using the 1-
norm isotropy, the isotropy values vary depending on the direction of propagation because the
components near the poles are overestimated i.e. they present a smaller isotropy than directions
close to the equator. The range of this variation depends on the truncation order. For the 2-norm,
the isotropy values do not vary with the direction of arrival. This happens due to the rotational
variance of the 1-norm and the rotational invariance of the 2-norm (TANAKA; OTANI, 2023).
This also makes it so that errors related to the truncation of 𝑁 are also rotationally invariant for
the 2-norm.

The 1-norm of the spherical harmonics of order 𝑛 can be explicitly written as

‖𝐴𝑛‖1 =
𝑛∑︁

𝑑=−𝑛

|𝐴𝑑,𝑛|, (44)

omitting the dependence in 𝑘0, and the 2-norm of the spherical harmonics of order 𝑛 can be
explicitly written as

‖𝐴𝑛‖2 =

⎯⎸⎸⎷ 𝑛∑︁
𝑑=−𝑛

|𝐴𝑑,𝑛|2, (45)

again omitting the dependence in 𝑘0. Because this type of analysis is very recent, both manners
of calculating sound field isotropy will be analysed.

In any case, what happens is a comparison between the contribution of the monopole
moment in relation to all the contributions of the other components. If only the monopole (𝑛 =

0, 𝑑 = 0) has a significant value, the function has a shape close to a sphere, which means
the wavenumber spectrum is symmetric in the directions, thus 𝜄 = 1. Conversely, if there are
contributions from other moments, the sum in the denominator presents a larger value, and 𝜄

approaches 0.
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For the model described in Section 2.2 with the wavenumber spectrum displayed in
Figure 3, the spherical harmonics order distribution is shown in Figure 5.

Figure 5 – Spherical harmonics order distribution and isotropy values for a diffuse sound field at
500 Hz, with maximum order 7. Left: Using the 1-norm. Right: Using the 2-norm.
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Source: own authorship (2024).

It is evident that the main contribution is the monopole. The spherical harmonics
decomposition was done up to order 𝑁 = 7. The isotropy values calculated for this scenario
correspond to 𝜄1 = 0.9551 and 𝜄2 = 0.9669 and are close to the expected unity. The difference
between the values is attributed to the overestimation of the denominator in Equation (42).
Evidence of this is that the value of the 1-norm of the spherical harmonics of order 6 is bigger
than its 2-norm. The values end up being smaller than one because the simulated diffuse sound
field, using the model proposed by Jacobsen (1979), still depends on hardware limitations, as a
computer can only calculate a finite amount of plane waves.

For increasing maximum order values, some strength is attributed to the higher orders,
which can decrease the isotropy value. This can be seen as a truncation error in isotropy. Figure
6 shows the spherical harmonics order distribution for a maximum order of 10 using the 1-norm
and 2-norm.

The difference between the 1-norm and 2-norm isotropy is larger when using the
maximum order 𝑁 = 10 instead of 𝑁 = 7, which is also evidence of cumulative overestimation
in the denominator. Moreover, the difference when comparing the 𝜄2 values and the 𝜄1 values can
be attributed to energy being attributed to the higher order coefficients, which also elevates the
denominator of the ratios. Therefore, it is important to point out that although the utilisation of
random sound field sampling allows for higher orders of truncation than when using a spherical
array, the choice of the maximum order must consider the truncation error and the processing
time, as larger truncation orders will take longer to process while producing inaccurate results.
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Figure 6 – Spherical harmonics order distribution and isotropy values for a diffuse sound field at
500 Hz, with maximum order 10. Left: Using the 1-norm. Right: Using the 2-norm.
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3 EXPERIMENTAL SETUP AND PROCEDURE

This chapter is dedicated to describing the operational aspects common to the
experiments conducted for this research. Specific characteristics of each experiment will be
discussed in their respective sections.

3.1 Array

The arrays used in the experiments consisted of sequential arrays formed using a robotic
arm coupled with a microphone to achieve sets of previously chosen positions. The used robot
was a Mitsubishi RV-M1 robot arm with five degrees of freedom (DOF). This robot was selected
due to its availability for utilisation and was loaned from the Flexible Manufacturing Systems
Laboratory from UTFPR - Curitiba Campus. A schematic of the robot indicating each joint and
its joint limits can be seen in Figure 7.

Figure 7 – Mitsubishi RV-M1 joints.
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Source: Adapted from Mitsubishi Electric Corporation (1989).

The microphone was attached to the robot by means of a microphone holder, depicted
in Figure 8, designed to keep the microphone tilted at a 45o angle in relation to the centre of
joint #5. This was done to prevent a circular symmetry of the transducer in relation to joint #5,
which would annul the respective DOF.

The control of the robot was carried out via MATLAB, integrating the robot arm with the
ITA Toolbox (BERZBORN et al., 2017), which controlled the impulse response measurement.
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Figure 8 – Close-up view of the microphone holder.

Source: Adapted from de Carvalho (2021).

The communication between the robot and the computer was done using the RS232 serial
communication standard, which is native to this robot.

In any case, robots have limitations on the positions they can access, so the possibility of
accessing each position needs to be verified. This was done by calculating the inverse kinematics
of each position when generating the array, where if a position was considered inaccessible,
it would be discarded, and a new one would be promptly generated and verified. In both
experiments done in this research, the arrays consisted of random positions inside predefined
rectangular volumes, with the microphone pointed parallel to the robot’s 𝑦 axis (forward). It is
important to point out that the inverse kinematics of any robot consists of a set of equations
that will relate the position and arrival direction of the robot to the angles each joint must
achieve — sometimes referred to as the robot’s “pose” — and these equations depend on
design characteristics of each robot model. Although the inverse kinematics are hard-coded in
industrial robots, they usually need to be manually derived for external applications, especially
if the robot is a discontinued model such as the Mitsubishi RV-M1. Fortunately, because this
robot is currently used for didactic purposes at UTFPR, its inverse kinematics had already been
derived by Prof. Luís Paulo Laus, and they only needed to be transcribed to MATLAB.

3.2 Impulse Response Measurement

The impulse responses were measured by means of the exponential sweep technique
(de Carvalho, 2021; MÜLLER; MASSARANI, 2001), as it is implemented in the ITA-Toolbox
(BERZBORN et al., 2017). The sound source used to excite the room was a GROM DDC-110
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omnidirectional sound source shaped like a dodecahedron. The microphone used to record the
sweep was a GRAS 46AQ of random incidence (suited for diffuse sound fields), together with a
GRAS 26CA pre-amplifier. Other equipment used was a Roland Quad-Capture audio interface,
an Alesis RA-100 reference amplifier, and a GRAS 12AL power module and signal conditioner
for the microphone. A diagram representing the connection between these components (black
lines) and the flow of signal in the measurement system (represented by the arrowheads in the
lines) is present in Figure 9.

Figure 9 – Diagram displaying the connection between components (black
lines) and the flow of signal (black arrowheads) in the measurement
chain.
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Source: own authorship (2024).

It is important to remark that the Roland Quad-Capture connects directly to the
computer. The interface between the ITA Toolbox on MATLAB and the Roland Quad Capture
card is done by means of the ASIO4ALL driver (Steinberg Media Technologies GmbH, 2023).

As for the measurement techniques, an exponential sweep was chosen, as it presents
the same energy in all frequency bands (MÜLLER; MASSARANI, 2001), with a linear
deconvolution to separate the actual impulse responses from speaker distortions and other
distortion-associated phenomena. Figure 10 displays an exponential sweep generated using the
ITA Toolbox, with a zoom in between 0 and 0.1 s to highlight the sinusoidal behaviour of the
sweep. Coincidentally, this is the sweep used in Experiment # 2 (Section 4.2).
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Figure 10 – Exponential sweep with 10.92 s of length, and stop margin of 2 s, between 20 Hz and
5000 Hz.

0 1 2 3 4 5 6 7 8 9 10
Time ftg [s]

-1.0

-0.5

0.0

0.5

1.0

A
m

p
li
tu

d
e

fG
g

[-
]

0.00 0.02 0.04 0.06 0.08 0.10

-1.0

-0.5

0.0

0.5

1.0

Source: own authorship (2024).

3.3 Plane Wave Decomposition

The plane wave decomposition, as explained in the Subsection 2.6.2, involves solving
the ill-posed problem given by Equation (26) for x, by means of regularisation. Because they
were measured using linear deconvolution, the impulse responses needed to have their second
half cropped out. The latency of the sound interface was also compensated using the calibration
process present in the ITA Toolbox (BERZBORN et al., 2017). The ITA Toolbox automatically
presents the correspondent transfer functions from the cropped impulse responses. An easy way
to automatise the process is to arrange the transfer functions in a matrix, in which the lines
are the microphone positions and the columns are the values for each frequency step. In this
arrangement, each column corresponds to a p related to a particular discrete frequency value in
Equation (26), and each regularisation will result in a correspondent x.

With relation to the array, because the microphone positions were generated in relation
to the robot’s reference position (0,0,0), they all needed to be transformed to a reference position
that has some relation to the type of phenomenon that is being analysed: the surface in the case
of the absorption measurement; or the array centre in the isotropy measurement. This was done
by means of a homogeneous transformation, which is a type of computation that writes the
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points in the new coordinate system by means of simultaneous linear translation and rotation.
Homogeneous transformations are commonly used in robotics, and more information about
them can be found in related literature (CROCKER, 2005).

The plane wave basis is generated following the solution of the Thomson problem, as
it provides a homogeneous distribution of points over a sphere. This is carried out through an
optimised algorithm by Semechko (2021), available for MATLAB. Because the experiments
approached in this dissertation do not involve evanescent waves, only points in the sphere’s
surface are considered. Moreover, the plane wave basis is comprised of 1000 directions, as
recommended by Nolan and Xiang (2023).

The wavenumber spectrum for a broad range of frequencies is calculated through a
loop that goes through the discrete frequencies and estimates a regularised solution at each
step. From the array, the plane wave basis, and the frequency information, the matrix 𝐻

can be calculated, in this case, for each frequency. This regularisation process for a range of
frequencies is quite time-consuming due to the calculation of the SVD decomposition of 𝐻 at
each iteration of the loop. The SVD decomposition can be calculated using the compact form
(faster) or the full form (slower). For applications such as the isotropy calculation or absorption
measurement, no problems were noticed when using the compact SVD. However, the utilisation
of the compact SVD can lead to an “upside-down” — or mirrored — wavenumber spectrum in
some cases, which is problematic when calculating the reconstructions. This is not problematic
when calculating the absorption and isotropy because the “upside-down” spectrum preserves
the energy in the hemispheres (in the absorption case) and preserves the spherical harmonics
decomposition (in the isotropy case).

The regularisation technique used was the Tikhonov regularisation because it provides
solutions that are smooth, which is desirable when using plane wave decomposition in
reverberant environments (NOLAN, 2019). Furthermore, it is a well-known technique, and it
is available for MATLAB. The functions used for the regularisation are available in Hansen’s
“Regularization Tools” toolbox (HANSEN, 2007). The regularisation parameter was calculated
using the l-curve technique, also for its availability and for being the method classically used
for the approach proposed by Nolan (2019).

It is usual to calculate the average wavenumber spectrum for each third-octave frequency
band. This is done to eliminate any bias caused by non-isotropic sound fields, which can exist
when considering sound fields created by pure tones (NOLAN, 2020).

3.4 Reconstruction

The reconstruction of the transfer function in a position corresponds to the solution of the
direct problem of Equation (26) using the estimated wavenumber spectrum. In a similar manner
to the regularisation, a loop that goes through the frequencies is used and a reconstruction matrix
𝐻𝑟 is computed from the informed plane wave basis, frequency, and reconstruction positions.



44

The reconstruction error 𝜀% is calculated by means of

𝜀% = 100 ×
⃒⃒⃒⃒
𝑝r(𝑓)− 𝑝M(𝑓)

𝑝M(𝑓)

⃒⃒⃒⃒
; (46)

where 𝑝r(𝑓) is the reconstructed pressure in a certain frequency 𝑓 , 𝑝M(𝑓) is the pressure
measured in the reconstruction point for that same frequency 𝑓 . This error is a percentage error
proposed by Fernandez-Grande (2016), which can then be averaged in third-octave bands.

3.5 Absorption

From the third-octave average wavenumber spectra, one of the things that can be
calculated is the absorption of a surface by the ratio of incident and reflected energy. For this,
the wavenumber spectra averaged need to be calculated with the reference in the measured
surface i.e. the centre of the radiation sphere needs to be positioned on the surface that is being
measured. This will confer a context for what is the incidence region and what is reflection,
which is the absorption plane, depicted in Figure 2. Another point that should be remarked is
that the direction of the propagation directions, given by the points in the radiation sphere, can
appear as an “outward” vector or an “inward” vector, depending on how the plane wave basis is
informed. In other words, a point (𝑘𝑥,𝑘𝑦,𝑘𝑧) can represent a direction that points from the centre
to the point — (𝑘𝑥,𝑘𝑦,𝑘𝑧)− (0,0,0) = (𝑘𝑥,𝑘𝑦,𝑘𝑧) — or a direction that points from the point to
the centre — (0,0,0)−(𝑘𝑥,𝑘𝑦,𝑘𝑧) = (−𝑘𝑥,−𝑘𝑦,−𝑘𝑧). Evidently, this corresponds to a change in
the referential, and, in conjunction with the information of the absorbing plane, will present in
which hemispheres are the incidences and the reflections. For this work, the convention adopted
will be (𝑘𝑥,𝑘𝑦,𝑘𝑧)− (0,0,0) = (𝑘𝑥,𝑘𝑦,𝑘𝑧) — “outward” vectors.

In the specified configuration — 𝜃 measured as in Figure 2 and plane waves propagating
away from the radiation sphere — the incident and reflected powers averaged on the azimuth,
𝑊ref(𝜃) and 𝑊inc(𝜃) respectively, are given by Equation (38), which are calculated numerically.
Another point that should be noted is that the wavenumber spectra are calculated on a
homogeneously distributed basis. This can represent a problem for the numerical integration,
as the azimuth intervals — d𝜑 — are not constant. A solution is to interpolate the spectra into
an evenly-spaced mesh. In this research, the selected interpolation spacing was 𝜋/60 rad = 3𝑜.
Thus, the numerical calculation of 𝛼(𝜃) was done using the trapezoidal rule, with d𝜑 = 𝜋/60.
Moreover, since 1/2𝜋 is present in both the numerator and the denominator of the ratio in
Equation (37), the multiplications cancel out and do not need to be computed.
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3.6 Isotropy

From a third-octave or octave averaged wavenumber spectrum, the process of calculating
the isotropy consists of finding its spherical harmonics decomposition and calculating
Equation (42) or Equation (43). The spherical harmonics decomposition was done using the
“SHTools” toolbox for MATLAB, developed by Fahim (2019). Fahim’s algorithm calculates
the spherical harmonics through a least-squares solution using the pseudo-inverse matrix.
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4 EXPERIMENTS AND RESULTS

Because the plane-wave decomposition can be used to calculate both the absorption and
the diffuseness, two different experiments were conducted to examine each aspect individually.
This chapter is dedicated to analysing both applications in what concerns their setups,
techniques, results, and what conclusions can be drawn.

4.1 Experiment #1 - Experimental Assessment of the Absorption and the RTF

Reconstruction of a Room Using the Wavenumber Spectrum

This experiment had the objective of exploring the capabilities of plane wave
decomposition in measuring the absorption of a surface and reconstructing the RTF in a
common laboratory room. For that, an array of 120 randomly generated positions was generated
inside a rectangular volume of 0.40 m × 0.10 m × 0.17 m. Aside from these, 30 points were also
measured for comparison with their reconstructions. Figure 11 displays the sequential array, the
reconstruction points, and the robot’s reference.

Figure 11 – Microphone positions. Dots (green): points measured for the inverse problem (random
array). Triangles (magenta): points measured for reconstruction error evaluation.
Square (yellow): robot reference.
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The robot was placed in such a way that the array’s centre’s distance to the surface
was 0.30 m. The closest point to the surface was approximately 0.15 m of it. The room was
a common laboratory room (room EK-019 at UTFPR - Ecoville Campus), with approximately
11.8 m × 5.3 m × 3.3 m, and inside, there were pieces of furniture and equipment, resembling
a potential in situ condition. A glass wool surface of 10.8 m2 (3.6 m×3.0 m), with 40 kg/m3 of
density and 50 mm thickness was put in one of the walls to serve as the main absorbing surface,
and thus the surface of interest for the measurements. Figure 12 displays roughly the position
of the glass wool panel, the array and the dodecahedron source inside the room.

Figure 12 – Upper view of the room displaying the position of the absorber (yellow), the array (red)
and the sound source (black).

Dodecahedron source

Array
Glass wool

11.8 m
5.

3 
m

Source: own authorship (2024).

The sampling frequency employed was 96000 Hz, with 219 = 524288 samples,
amounting to a sweep that lasted 5.46 s. The choice of a 96000 Hz was to use as much of the
sound interface’s capabilities. However, using such a high sampling frequency generates a very
large volume of data, which becomes unhandy. Furthermore, such a refinement in discretized
frequency also makes it so that processing the data takes a very long time. This motivated the
change for a smaller sampling frequency in further experiments.

In this experiment, three different aspects of plane wave decomposition were
approached. First, the reconstruction of the RTF of the sound field in a randomised set of
microphone positions was compared to measurements of the RTF in these positions. The
reconstruction errors using increasingly more populated and dense arrays — 80, 100, and 120
microphone positions randomly generated inside the same rectangular volume — to measure the
angular spectrum were calculated for third-octave bands. The reconstruction processes display
similar errors in the lower and middle frequencies for all array cases. However, the general
behaviour of the reconstruction error in high frequencies had a less steep increase for the case
with more microphones.
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Secondly, the analysis of the energy mappings for the third-octave average spectra was
done. The source incidence, the reflection of the absorber, and the other reflections of the room
were identified. The reduction in the energy level when comparing the incidence and reflection
of the absorber indicates that the difference in energy is being absorbed by the glass wool. The
absorption of the energy is especially intense at higher frequencies, as is expected for a porous
material such as glass wool.

Finally, the sound absorption coefficient of the glass wool was calculated from the third-
octave wavenumber spectrum using Nolan’s proposed approach (NOLAN, 2020) to find the
incidence-dependent absorption and then using the Paris’ formula. The measured absorption
displays coherence with the absorption values available in the literature for most bands.

Overall, the techniques proposed by Nolan (2020) and Fernandez-Grande (2016) were
utilised successfully.

4.1.1 Sound Field Reconstruction

The reconstruction of the RTF was done in 30 evaluation points. The relative error
between the reconstructed transfer function and the measured transfer function was calculated
following the metric defined in Equation (46). The value 𝜀% is then averaged across the
30 reconstruction points and then inside the third-octave bands. The reconstruction relative
errors were calculated for three wavenumber spectra cases, calculated from 80, 100, and 120
microphone positions. The average relative errors from the 100 Hz to the 2500 Hz third-octave
bands are shown in Figure 13 (circles, with the dashed line added to avoid parallax).

It can be promptly noticed that, indeed, the reconstruction at lower frequencies is more
accurate than at higher frequencies. The reconstructions for all cases perform well between
the 100 Hz and the 630 Hz band, with a relative percentage error limited to under 6.0%.
The differences in the errors start to be visible from the 800 Hz band onward. Generally, the
120 positions microphone array presents the smallest average reconstruction errors. Another
thing worth noticing is that at the 1600 Hz band, the error for the 80 microphone case is
marginally smaller than the error for the 100 microphone case. This can be because of the
different microphone dispositions that influence the numerical aspects of the regularisation,
such as condition number and column redundancy (RICHARD; FERNANDEZ-GRANDE,
2019), which in turn influence the calculated angular spectrum. The smallest percentage error
value for the 120 microphones case is in the 500 Hz band, at 2.1%. Between the 400 Hz band
and the 630 Hz, the error for the 120 microphones case is limited to under 3.0%.

Another point of notice is the increase in errors with the increase in frequency. From
2000 Hz onward, the error is always above 10.0%, and it rises following the increase in
frequency, being comparable to the measured values. This can happen due to a series of
factors, such as the number of plane wave directions in the wavenumber sphere or a badly
discretized region of the space in the array i.e. regions in which the microphone spacing is too
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Figure 13 – Average relative reconstruction error from 100 Hz band to 2500 Hz band. 80 positions:
red circles. 100 positions: green circles. 120 positions: blue circles.

Source: own authorship (2024).

large because the robot cannot reach the in-between positions. Evidently, for the number of
directions in the wavenumber domain, a set of factors must be taken into account between
the desired reconstruction error, the processing capabilities of available hardware, and the
numerical errors that can increase due to the H matrix being ill-conditioned. As the frequency
increases, the radius of the wavenumber sphere grows, and the spacing between the directions of
reconstruction also grows. Nolan and Xiang (2023) presents that there is a limit to how much the
number of directions can make a model better. For 1 kHz, 1000 plane waves are able to represent
the sound field without a significant loss of information. However, it should be pointed out that
the analysis in (NOLAN; XIANG, 2023) was carried out for a single frequency and that the
inverse deviance information criterion (IDIC) analysis for a larger range of frequencies is still a
future consideration.

Figure 14 shows the reconstruction (blue solid line) and the measured transfer function
(green dashed line) at the evaluation position number 30, between 89.1 Hz and 2818 Hz (the
lower limit of the 100 Hz third-octave band and the upper limit of the 2500 Hz third-octave
band), divided into 4 parts for better visualisation of the curves. This reconstruction was done
using the 120 positions array. It can be noticed that up to 630 Hz, indeed, the reconstruction
is very accurate. Beyond this frequency, a few discrepancies, especially overshooting of the
amplitude at anti-resonance frequencies become recurrent with frequency increase, which is
related to the increase in the average error of Figure 13. The errors in the reconstructed modes
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also rise in a less intense manner. Moreover, for higher frequencies (notably on Figure 14d)
some discontinuities can be noticed (after 1600 Hz and after 2500 Hz). Errors of this nature
likely occur due to the lack of restrictions on the existence of derivatives and second derivatives
in the regularisation process using L-curve and Tikhonov regularisation, which in turn carry
over when solving the direct problem. Figure 15 displays detailed views centred at 1700 Hz
(Figure 15a) and 2500 Hz (Figure 15b). In Figure 15a a discontinuity error can be detected
at near 1692 Hz and an undershoot error can be noticed near 1698 Hz. In Figure 15b a
discontinuity error can be noticed at 2540 Hz, and sequential overshoot and undershoot can
be noticed between 2570 Hz and 2590 Hz. Because these errors take place more often in higher
frequencies, a higher modal density will mean that the average reconstruction error will also
increase because of the accumulation of errors.

4.1.2 Sound Energy Mappings

Since the wave number vectors are comprised solely of propagating plane waves
distributed on the surface of a sphere, one can plot the magnitude of the plane waves as a
function of the directions of travel. The graphics were made using Eckert III projections to
avoid excessive distortion on the poles, and the elevation (𝜃 angle) is measured with relation to
the 𝑥𝑦 plane. For this, the averaged spectra needed to be interpolated into an evenly-spaced grid.
The interpolation was done with a resolution of 𝜋/60 rad. The maps for the 400 Hz, 1000 Hz,
1500 Hz, and 2500 Hz are on the left side of Figure 18, respectively. The map on Figure 18b
also indicates some general directions, such as the ceiling, the ground, the source and the room’s
sides. The energy dynamic range was limited to 15 dB to better visualise the incidence and the
reflections. In that context, although it may seem that there is no energy reflected on the maps
on Figures 18c and 18d, the attenuation caused by the absorber makes it so that the energy is
small enough to be under the defined threshold.

Some artefacts can be seen near the (𝜑, 𝜃) = (180o,0o) positions. These are caused
because the interpolation originally is calculated for angles nearing −180o to angles nearing
180o, leaving the azimuth limits unfilled. Notwithstanding, it can be noticed that, indeed, with
an increase in frequency, the specular energy that is reflected by the absorber (“northern”
hemisphere) decreases in level, which indicates that the surface is absorbing the sound irradiated
by the omnidirectional source. Moreover, it can be seen that with the increase in frequency, the
lobes that denote the incidence and specular reflection get smaller, such as is expected for this
technique (BRANDÃO; FERNANDEZ-GRANDE, 2022).

Furthermore, even with the averaging on the third-octave bands, reflections that are not
related to the surface of the absorber can be noticed in all displayed maps. These reflections
from other directions of the room contribute to the calculation of an absorption coefficient
that depends on the direction of incidence and, subsequently, the diffuse incidence absorption
coefficient calculated by the Paris formula, even in a small room with a sound field that is
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Figure 14 – Comparison between the reconstructed and measured RTFs at evaluation point
number 30. Blue solid line: reconstruction. Green dashed line: measurement.
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Figure 15 – Details of the discontinuities. Blue solid line: reconstruction. Green dashed line:
measurement.
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not very diffuse. This corresponds to an advantage of this technique, as with a relatively
simple excitation setup composed of an omnidirectional source conveniently positioned beyond
the critical distance, it is possible to obtain incidence from several directions from only one
measurement process.

4.1.3 Absorption Determination

The absorption of the glass wool surface was calculated following the theory proposed in
Section 2.6.5. For that, the absolute value of the wavenumber spectrum needed to be averaged in
third-octave bands to remove biases that could occur in specific discrete frequencies (NOLAN,
2020). Then, the incidence-dependent absorption was calculated for each third-octave band.
The incidence-dependent absorption for the 400 Hz, 1000 Hz, 1500 Hz, and 2500 Hz are shown
on the right side of Figure 18.

An interesting occurrence happens in the 250 Hz band. Figure 16 shows the map, and
Figure 17 displays the directional absorption of that band. It should be noted that 𝜃 is the
elevation measured from the 𝑧 axis varying from 0𝑜 to 180𝑜, while the incidence angle 𝜗 goes
from 0𝑜 (direct incidence) to 90𝑜 (parallel incidence).

It is noticeable that the map shows energy coming from the reflected region (left side of
the upper hemisphere) with the same intensity as the incident energy from the source direction.
This makes it so that in the 250 Hz band (Figure 17), the absorption values are negative after
approximately 51𝑜 (17𝜋

60
rad). This corresponds to one of the downsides of this technique.

Nolan (2020) states that at lower frequencies, the absorption values at angles of incidence
almost parallel or parallel to the surface are underestimated due to what the referred author
calls “leakage” of the incident energy into the reflected energy region (“northern” hemisphere).
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Figure 16 – Energy map for the 250 Hz band.
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In extreme cases, such as the one in Figure 17, the absorption values calculated can reach
impossible negative values. This can happen due to limitations on the wavenumber resolution
provided by the array (NOLAN, 2020), due to the smoothing of the solution caused by the
Tikhonov regularisation process, which, when happening near the equator, makes it so that
some of the incident energy is considered as reflected energy. Another factor can be the model
not considering evanescent waves.

Figure 19 shows the diffuse incidence absorption calculated with Equation (39) for both
the in situ measurement (circles) and the absorption calculated by Miki’s model (asterisks),
from the 315 Hz to the 2500 Hz third-octave bands.
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Figure 17 – Directional absorption for the 250 Hz band.
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Figure 19 – Diffuse field absorption coefficient per third-octave band, calculated from third-
octave averages of interpolated wavenumber spectra (circles), reference absorption
values calculated using Miki’s model (asterisks), commercial catalogue values of the
absorption (triangles, in octave bands).
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Figure 18 – Sound energy mappings (left side) and directional absorption (right side) for
the 400 Hz (Figure 18a) band, the 1000 Hz (Figure 18b) band, the 1600 Hz
(Figure 18c) band, the 2500 Hz (Figure 18d) band.
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(a) 400 Hz.
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(b) 1000 Hz.
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(c) 1600 Hz.
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(d) 2500 Hz.

Source: own authorship (2024).
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The graphic displays a general trend of rise in absorption following the increase in the
frequency, which is coherent with what is expected for this type of material (BRANDÃO, 2016).
Due to the severe underestimation in the 250 Hz band in the proposed in situ method, the
displayed frequencies were chosen to be above that. The in situ values also display coherence
with the values diffuse incidence absorption coefficients calculated by applying the Paris
formula. Both curves display a similar evolution between 315 Hz and 2500 Hz, with the in

situ experimental values being, on average, 0.16 smaller than the model values. The differences
between the in situ and the values calculated by Miki’s model can be attributed to the fact that the
Paris formula is an approximation, as it considers the existence of a perfectly diffuse sound field
(KUTTRUFF, 2009) and an infinite absorbing sample. Another factor that can be responsible
for these errors is the measurement distance between the array and the sample. Richard and
Fernandez-Grande (2019) show that, even though the spherical array has a better condition
number than the planar array, the planar array display better results because the constraints
related to the hardware allow for a measurement closer to the absorbing surface resulting
in more accurate surface impedance measurements. Moreover, the relative underestimations
of the proposed technique, when combined, result in an underestimation of the result of the
Paris formula. Combining these factors with other errors from the calculation of the average
absorption concerning the incidence angle can lead to errors when calculating the diffuse field
absorption coefficient. When taking into consideration the commercial values informed for this
sample (Saint-Gobain Vidros S.A. Divisão Isover, 2009), both the in situ and the model values
are, in general, smaller and closer to each other than the values obtained using the reverberation
chamber method. The catalogue values, aside from being much larger than the model and in

situ values, also display one value outside the possible range — 1.1 for the 1000 Hz octave
band — represented by the dotted line where 𝛼s = 1.0. The only band where there is reasonable
coherence is the 2000 Hz octave band.

4.1.4 Considerations

The experiment described in this paper was the calculation and polar mapping of the
wave-number spectrum, the reconstruction of the sound field using the wavenumber spectrum,
and the evaluation of the absorption of a surface of interest in installation conditions. In this
experiment, the room had one surface covered with 10.8 m2 of 40 kg/m3 glass wool, a porous
absorbing material, and 150 RTF measurements in random positions were performed — 120
for the sequential array and 30 for comparison with the reconstructions. The calculation of
the inverse problem’s solution and the reconstruction of 30 RTFs were evaluated for a range
between the 100 Hz and 5000 Hz third-octave bands for arrays of 80, 100, and 120 positions.
The case using 120 positions displayed the smaller errors, limited to under 10% until the
1600 Hz band. For higher frequencies, the errors become even more pronounced — over 10%



57

— for all cases, most likely due to the excessive spacing between plane-wave directions. The
processing was deemed successful.

The mapping of the sound field for each band in the proposed frequency range showed
that, indeed, there’s an increase in absorption when the frequency rises. The mapping was
also important from an operational standpoint when implementing Equation (37). Moreover,
some phenomena related to excessive smoothing of the solution or array characteristics in the
wavenumber domain could be noticed on the 250 Hz band. This type of problem cannot be
noticed only by analysing reconstruction errors, as the solution can solve the direct problem
with relatively small errors but is a misrepresentation of the sound field in the angular domain.

The plane-wave decomposition allowed the identification of the direct incidence from
the sound source over the absorbing sample, the reflection of the surface of interest, and also
spurious reflections caused by the other regions of the room and influenced by the position of
the sound source. This is important because the lack of hemispherical-isotropic incidence over
the sample can be one of the causes of the underestimation of the absorption coefficient values
obtained, along with factors influenced by the array characteristics. When compared to values
calculated with Miki’s model (MIKI, 1990), the in situ absorption coefficients display a similar
behaviour in relation to the frequency, with an apparent systematic underestimation, between the
315 Hz and the 2500 Hz bands. For bands of frequencies lower than the mentioned, phenomena
related to the underestimation at 250 Hz made it so that the results before and including this
band were considered untrustworthy. When comparing the in situ and model values with the
informed commercial values, the latter values are much higher and even beyond the possible
range. Nevertheless, the absorption values show an overall behaviour consistent with models
present in the literature (BRANDÃO, 2016) for that type of material and verified by comparing
the energy distributions for increasing frequencies.

4.2 Experiment #2 - Experimental Assessment of Sound Field Conditions and Decay

Using Plane Wave Decomposition

This experiment aimed to compare decay characteristics for different absorption
configurations inside a reverberating environment with the isotropy indicator proposed by
Nolan (NOLAN, 2019), which uses the 1-norm, and the isotropy indicator using the
2-norm. The utilised array was composed of 180 positions randomly generated on a
0.60 m × 0.10 m × 0.40 m, that were used as input for the plane wave decomposition inverse
problem. Aside from those, 30 random positions for reconstruction were also specified and
measured for comparison. Fifteen positions were determined to be inside the array generation
volume, and the remaining 15 were generated on the plane where 𝑦 = 0.49 m, outside the
generation volume. This was done to detect not only the reconstruction error in the broad sense
but also if there is any sensible difference between interpolation errors for points inside the
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same volume as the input positions and extrapolation errors for points outside of the generating
volume. Figure 20 displays the sequential array, the reconstruction points, and the robot’s
reference.

Figure 20 – Microphone positions. Dots (green): points measured for the inverse problem (random
array). Triangles (magenta): points measured for reconstruction error evaluation.
Square (yellow): robot reference.
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The reverberation chamber measured is the reverberation chamber from the Civil
Engineering Department of UTFPR. Some data on it was described on (SPROROWSKI;
ALBERTS, 2018). It is worth remembering that this reverberation room was originally designed
to measure sound insulation. It is much smaller than the ISO 354 recommended volume and not
precisely rectangular, resembling two coupled smaller rooms with a frame for the insulating
materials’ samples. Figure 21 displays the positioning of the absorbers inside the reverberation
room and also displays the measurements of the floor plan of the reverberation chamber. The
sections of the chamber will be hereafter referred to as “volume 1” (51.84 m3) and “volume
2” (57.02 m3) as marked in Figure 21. The total volume of the enclosure is 115.01 m3. As
for the absorption configurations, three different dispositions were used: concentrated sample
(Figure 21b), divided into three areas (Figure 21c) and divided into five areas (Figure 21d).

The array was positioned in 3 different positions inside volume 1 of the room, as shown
in Figure 22 (red rectangles). Although the positions were chosen at random, the reach of the
robot’s drive and control cables were taken into consideration, as they needed to reach one of
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Figure 21 – Absorption configurations inside the reverberation chamber.

(a) Empty chamber. (b) Concentrated sample.

(c) Three areas configuration. (d) Five areas configuration.

Source: own authorship (2024).

the openings in the room so that they could be connected to the control unit. Hence all the array
positions are in volume 1. Because the robot was placed on a pedestal with a large base, it would
not be possible to place the robot and the sample both in volume 1 in the concentrated sample
case, and thus, the sample had to be placed in volume 2. The enclosure was excited with the
source in two different positions (yellow diamonds in Figure 22), one in volume 2 and one near
one of the corners in volume 1.

The sound source positions were selected so that position S1 would be close to the
initially concentrated sample. As for position S2, the source would be near a corner of the room
to excite as many modes as possible.

4.2.1 Sound Field Reconstruction

The sound field reconstruction was evaluated for all combinations of source array
positions by solving the direct problem Equation (33) for each discretized frequency. Regarding
the reconstruction errors, the general tendency was that the interpolation errors are smaller than
the extrapolation errors, as expected. Out of all the absorption cases and excitation/measurement
positions — a total of 24 reconstructions — two of them displayed outlying error results,
displayed in Figure 23: excitation #1, array #2 for the empty chamber case (Figure 23a), and
excitation #1, array #2 for the five areas divided absorber case (Figure 23b). It is interesting to
remark that even in these cases, the general behaviour of the interpolation errors being smaller
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Figure 22 – Array positions (red) and sound source positions (yellow) inside the reverberation
chamber.

Source: own authorship (2024).

than the extrapolation errors remains. The only exception is the 200 Hz band on the excitation
#1, array #2 for the five areas divided absorber case, in which the difference between them is so
small it could be accredited to the calculation’s own uncertainty.

Figure 23 – Average third-octave band reconstruction errors for outlier error cases. Red: general
error. Green: interpolation error. Blue: extrapolation error.

(a) Source #1, array #2, empty chamber case. (b) Source #1, array #2, five area configuration.

Source: own authorship (2024).

From analysing some of the room transfer functions measured for the outlier cases, there
were no apparent measurement problems.

All other situations had the same behaviour on average. From that, one of the things that
can be concluded is that the quality of the reconstructions does not depend on the measurement
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position of the array or the source position. Figure 24 displays the average reconstruction errors
for all excitation and measurement conditions excluding the mentioned outliers.

Figure 24 – Average third-octave band reconstruction errors for all excitation configurations
(excluding outliers). Red: general error. Green: interpolation error. Blue:
extrapolation error.

Source: own authorship (2024).

4.2.2 Numerical Considerations

Numerical problems such as the regularisation of Equation (26) can be analysed
by means of the normalised Gram matrix (RICHARD; FERNANDEZ-GRANDE, 2019;
FERNANDEZ-GRANDE; XENAKI; GERSTOFT, 2017)

Γ𝑖,𝑗 =
|h*

𝑖 h𝑗|
‖h𝑖‖ ‖h𝑗‖

, (47)

which indicates the correlations between the columns of H. Plane waves with similar directions
of arrival result in values Γ𝑖,𝑗 closer to one. Naturally, the diagonal values, i.e. 𝑖 = 𝑗, will
equal 1. Operators that result in Γ closer to a diagonally dominant matrix, i.e. closer to an
identity matrix, are easier to regularise. That is because the largest off-diagonal value gives the
matrix coherence value 𝜇, which bounds the condition number of the matrix, 𝜅 (RICHARD;
FERNANDEZ-GRANDE, 2019). Literature (RICHARD; FERNANDEZ-GRANDE, 2019;
FERNANDEZ-GRANDE; XENAKI; GERSTOFT, 2017) indicates that arrays that cause the
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Figure 25 – Matrix coherence and conditions number of H.
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(a) Matrix coherence 𝜇.
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(b) Matrix condition number 𝜅.

Source: own authorship (2024).

matrix H to have redundancies, such as planar and spherical arrays, are more sensitive to noise
and harder to regularise. These redundancies usually will appear as off-diagonal coefficients
near the main diagonal. Figure 25 displays the coherence and condition number of the H

operator for the array and the 1000 direction plane wave basis employed in this experiment.
Figure 25a displays the matrix coherence 𝜇 for each third-octave band central frequency for
the array from Figure 20, from 100 Hz to 5000 Hz. It can be seen that 𝜇 is almost constant
for this frequency range, having a mean value of 0.25. It is remarkably smaller than the values
shown for spherical and planar arrays on (RICHARD; FERNANDEZ-GRANDE, 2019), which
means that Γ is closer to a diagonally dominant matrix for this array than for these other arrays’
geometries. Figure 25b displays the condition number of H for each third-octave band central
frequency for the array from Figure 20, from 100 Hz to 5000 Hz. The condition number is also
almost constant at this frequency range, oscillating around 2.61, which is much smaller than the
values for the types of array studied in (RICHARD; FERNANDEZ-GRANDE, 2019), which
for some frequencies resulted in condition numbers of the order of magnitude of 1010.

4.2.3 Energy Decay Analysis

In Subsection 2.3, the relation between the potential existence of a diffuse sound field
and the shape of the energy decay curves was presented. Evaluating the combinations of
measurement position and excitation, it is possible to observe the decay behaviour inside the
array’s generation volume — a relatively small region — and in several array positions inside
the room for the different absorption configurations. Furthermore, the derivation of Sabine’s
reverberation time by Kuttruff (2009) depends on the approximation of the decay constants to
an average, both spatially and in frequency. Given that the energy decay curves are usually
displayed in logarithmic forms, a way of verifying this is to compare the decay curves with an
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average adjusted curve of a first-degree function. This curve will have a first-order coefficient
that is proportional to the exponential decay of the curves. The linear regression was calculated
for values between -5 dB and -25 dB. The goodness of the fit is given by the 𝑅2 values, which is
the residual of the regressions, also averaged for each fit at each microphone position. Figure 26
displays the energy decay curves of 15 measured microphone positions for all excitation
configurations in the empty chamber for the 125 Hz, 250 Hz, 500 Hz, 1000 Hz, 2000 Hz, and
4000 Hz. The decay constant is denoted by 𝛽. Thus, ⟨𝛽⟩r is the average value of the calculated
decay constant in the measurement positions r, and varr(𝛽) is its associated variance.

It can be seen that the decays are, on average, different for each frequency. All the
linear regressions present good fits. It is also seen that the variance of the decay in all measured
positions is relatively small in comparison to the values for the decay, which can be interpreted
as a relatively small variation in the decay for each position in the measured region. When
looking at all excitation conditions for the empty chamber, it is apparent that the average decay
varies little with the measurement position. This indicates spatial independence in energy decay,
in this “absorption case”. It is also noticeable that these decays seem to be exponential or close
to exponential from 500 Hz onward.

Figure 27 displays the decay curves and average adjusted decays for the case where
the absorption is concentrated in one area. It can be seen that the decays, in this case, are not
exponential throughout or can not be described by only one exponential. The variance of the
decay constants also is larger than for the case without absorption in the room, which indicates
a larger variation in the decay depending on the space. Another thing worth mentioning is that
there is a correlation between the measurement position of the array and the decay for the lower
frequencies.

For the three areas’ configuration, some interesting changes occur, as it can be seen that
all decays become faster — indicated by the more acute inclination of the EDCs — and the
earlier portion of the decays for the 500 Hz and beyond third-octave bands become similar in
inclination i.e. they present similar decay constants. Figure 28 displays the decays for the three
areas’ configuration. It can be noticed that the decay coefficients for the highest frequencies
(500 Hz, 1000 Hz, 2000 Hz, and 4000 Hz) are very similar.

Figure 29 displays the decays for the five areas’ configuration. The behaviour observed
in the case with three areas is still present for the five areas configuration. The difference
between the decay coefficients at lower frequencies (125 Hz and 250 Hz) and at higher
frequencies (500 Hz, 1000 Hz, 2000 Hz, and 4000 Hz) is even higher.

A few conclusions can be taken from the observed behaviour of the decay when
the absorption configuration changes. Figure 30 displays a direct comparison between each
absorption configuration for a fixed array and source positions.
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Figure 26 – EDCs for the empty chamber.
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(b) Array #1, Source #2.
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(c) Array #2, Source #1.
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(d) Array #2, Source #2.

0 1 2 3 4 5 6 7 8 9 10

Time ftg [s]

-80

-70

-60

-50

-40

-30

-20

-10

0

E
D
C
[d
B
]

h-i = -6.24, var (-) = 0.25, hR2i = 0.969
h-i = -7.18, var (-) = 0.04, hR2i = 0.974
h-i = -7.42, var (-) = 0.02, hR2i = 0.998
h-i = -10.57, var (-) = 0.03, hR2i = 0.998
h-i = -14.48, var (-) = 0.05, hR2i = 0.999
h-i = -22.37, var (-) = 0.09, hR2i = 0.999

125 Hz
250 Hz
500 Hz
1000 Hz
2000 Hz
4000 Hz

(e) Array #3, Source #1.
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Figure 27 – EDCs for the concentrated absorption.
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(b) Array #1, Source #2.
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(c) Array #2, Source #1.

0 1 2 3 4 5 6 7 8 9 10

Time ftg [s]

-80

-70

-60

-50

-40

-30

-20

-10

0

E
D
C
[d
B
]

h-i = -7.29, var (-) = 0.25, hR2i = 0.997
h-i = -16.00, var (-) = 1.51, hR2i = 0.987
h-i = -23.97, var (-) = 4.54, hR2i = 0.973
h-i = -27.26, var (-) = 2.03, hR2i = 0.991
h-i = -29.15, var (-) = 0.63, hR2i = 0.994
h-i = -37.24, var (-) = 0.50, hR2i = 0.997

125 Hz
250 Hz
500 Hz
1000 Hz
2000 Hz
4000 Hz

(d) Array #2, Source #2.
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(e) Array #3, Source #1.
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Source: own authorship (2024).
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Figure 28 – EDCs for the three areas configuration.
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(a) Array #1, Source #1.
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(b) Array #1, Source #2.
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(c) Array #2, Source #1.
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(d) Array #2, Source #2.
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(e) Array #3, Source #1.
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(f) Array #3, Source #2.

Source: own authorship (2024).
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Figure 29 – EDCs for the five areas configuration.
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(a) Array #1, Source #1.
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(b) Array #1, Source #2.
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(c) Array #2, Source #1.
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(d) Array #2, Source #2.
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(e) Array #3, Source #1.
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(f) Array #3, Source #2.

Source: own authorship (2024).
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Figure 30 – Comparison between the decays for each absorption distribution at the
position Array #1, Source #1.
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(a) Empty chamber.
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(b) Concentrated sample.
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(c) Divided into three areas.
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(d) Divided into five areas.

Source: own authorship (2024).

Distributing the absorption in more than one direction makes the energy decay more
uniform in space. Moreover, the decay gets more uniform and close to an exponential for
the higher frequencies. This lines up with what is proposed by Randall and Ward (1960) and
summarised by Everest (2001). Analysing from what is proposed by Balint et al. (2022), the
changes in the energy decay functions, in the cases with the presence of absorption, are an effect
of the transformation of grazing directions (with relation to the absorber) into non-grazing
directions, by placing part of the absorption in directions perpendicular to the direction of
the concentrated absorption. This makes more reflections interact with an absorbing surface.
It should be remarked that this uniformity in decay is only seen at the higher frequencies.

Evidently, these changes affect the absorption value measured by the Sabine formula,
as lower decays imply faster reverberation times. Figure 31 displays the absorption per third-
octave frequency band for each of the absorption distribution cases and for Miki’s model. The
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reverberation time adopted for this calculation was the 𝑇20, and all were taken from point
number 50 of the array.

Figure 31 – Diffuse-incidence absorption for each absorption case and for Miki’s model. Blue:
concentrated absorption. Pink: three areas. Purple: five areas. Grey: Miki’s model.
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Five areas
Miki's model

Source: own authorship (2024).

It is clear the influence of the distribution of the absorption in the absorption coefficient
values. However, aside from some coherence at the lower frequencies, none of the cases
measured at the reverberation chamber displays a matching behaviour to the reference
absorption calculated from the flow resistivity of the sample, using Miki’s model combined
with the Paris’ formula. This evidences that, although the absorption distribution affects the
measured absorption, it does not necessarily mean that it is possible to correct the measurements
only by distributing the absorption.

4.2.4 Isotropy Analysis

The isotropy can be calculated from the transfer function of the full impulse response or
from the transfer functions of short time windows that sweep the impulse response in different
instants (by means of the short-time Fourier Transform). The first presents a wavenumber
spectrum that considers the whole history of the room excitation, which means that the
wavenumber spectra contain information on the direct incidence, early reflections, and steady
state of the sound field in the room. Consequently, the isotropy calculated from these can be
interpreted as an “average” description of the temporal evolution of the sound field in the
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measurement regions. The latter will present a time-dependent evolution of the spectra, which
eventually leads to a time-dependent isotropy value. These parameters will be hereafter referred
to as “full-response isotropy” and “time-dependent isotropy”, respectively.

4.2.4.1 Full-Response Isotropy

Figure 32 displays the full-response isotropy calculated using the 1-norm method for
different excitation conditions (array and source combinations) in all absorption cases. Because
of the odd result in Subsection 4.2.1 for the array #1 and source #2 in the empty chamber
configuration, its results will be omitted.

Figure 32 – 1-norm full response isotropy for all absorption configurations.

(a) Empty room. (b) Concentrated sample.

(c) Three areas. (d) Five areas.

Source: own authorship (2024).

Considering the maximum aperture of the array, the results from 315 Hz onward are
trustworthy. It can be seen that, from 400 Hz onward, the variation in isotropy in relation to
the excitation conditions is relatively small, and the largest variations happen at the transition
from the 315 Hz band to the 400 Hz band. This can be related to the crossover frequency of the
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room, estimated by Avelar et al. (2020). The highest isotropy values happen at the 400 Hz band
and 500 Hz band, around 0.7. From 630 Hz onward, the isotropy varies between 0.48 and 0.63.
These values are relatively far from 1, which is expected considering that the environment is a
small rectangular chamber without diffusers.

Generally, the isotropy values between 315 Hz and 2500 Hz for the concentrated
absorption case are smaller than for the empty room case, as expected. Moreover, it is noticeable
that the variation of 𝜄 with the frequency is larger than for the empty room case. Comparing
Figures 32b and 32c, it is noticeable that, from 500 Hz onward, although the average value of
𝜄 is seemingly the same, the variation from frequency to frequency is smaller. For frequencies
smaller than 500 Hz, the variation appears to be at least as large. The isotropy values for the
higher frequency bands (3150 Hz and 4000 Hz) are, at first sight, the same.

The isotropy values, although varying from case to case, display some coherence
between the excitation conditions. This indicates that the isotropy of the sound field does not
depend on the excitation conditions. The average isotropy for values of each absorption case are
displayed in Figure 33. It is noticeable that the empty chamber case, even in the frequency with
the lower isotropy value, presents larger values than the cases with absorption. However, no
significant changes are seen between the cases of absorption and the expectation of the isotropy
becoming larger following a more distributed absorption was not met, at least in the steady state
sense.

Figure 33 – Average 1-norm full-response isotropy values from 315 Hz band to the 4000 Hz band.

Source: own authorship (2024).
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The 2-norm full-response isotropy for different excitation conditions (array and source
combinations) in all absorption cases is displayed in Figure 34. All observations done for the
1-norm measurements are still valid for the 2-norm measurements. The most interesting remark
that can be made for the 2-norm isotropy is that its values are consistently larger than for the
1-norm isotropy. This happens because the 2-norm is rotationally invariant, and the 1-norm is
rotationally variant (TANAKA; OTANI, 2023). Naturally, when analysing Equation (42) and
Equation (43), if the terms in the denominator of the 1-norm isotropy are overestimated, and
the ones in the 2-norm technique are not, the value of the 2-norm will be larger than the 1-norm
technique since the numerator of the ratio is the same for both formulas.

Figure 34 – 2-norm full response isotropy for all absorption configurations.

(a) Empty room. (b) Concentrated sample.

(c) Three areas. (d) Five areas.

Source: own authorship (2024).

Figure 35 shows the 2-norm average isotropy for all absorption cases.
The highest isotropy values happen at the 400 Hz band, around 0.8. From 630 Hz

onward, the isotropy varies between 0.6 and 0.76. One thing that should be remarked is that
although the 2-norm isotropy values are consistently larger than the 1-norm isotropy values, the
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Figure 35 – Average 2-norm full-response isotropy values from 315 Hz band to the 4000 Hz band.

Source: own authorship (2024).

values do not rise in the same proportion. This is explained by the differences in the 1-norm and
2-norm evidenced in Chapter 2.

4.2.4.2 Time-Dependent Isotropy

The time-dependent isotropy was calculated from the impulse responses cut at 4 seconds
and using the 1-norm method. This was done because the short-time windowing generates
a large amount of data that takes a long time to be processed. Four seconds is enough to
observe the isotropy during the first part of the decay and part of the steady state for the
cases with distributed absorption. Also, because of the long processing time, only the array
#1 source #1 position was analysed for all cases. The size of the time window was 0.17067,
which corresponds to 213 samples measured at a sampling frequency of 48000 Hz. The overlap
between windows was set to 0, which amounted to 23 snippets of impulse responses. Each
window has its Fourier transform calculated in the short-time Fourier transform, which then
serves as inputs to the plane decomposition process, as each window will lead to a singular
regularisation and, consequently, an angular spectrum. Figure 36 displays the time-dependent
isotropy for the absorption cases at 500 Hz, calculated from the third-octave averaged angular
spectrum (Figure 36a) and from the octave averaged angular spectrum (Figure 36b). The
time-dependent isotropy averaged in third-octave bands displayed in Figure 36a have erratic
behaviour, and it is hard to define a tendency of the evolution of absorption in time and its
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relations. This also happens at other frequency bands. For the isotropy calculated from the
octave band, the apparent behaviour is that, for the cases with absorption, the isotropy goes
down during the first part of the decay and then rises back, oscillating around a constant level.
In contrast, the isotropy is constant in time in the empty chamber case. However, this behaviour
is not typical to all frequency bands, and it is difficult to identify a pattern.

Figure 36 – Time-dependent isotropy for all absorption cases at 500 Hz.

(a) For the third-octave band angular spectra. (b) For the octave band angular spectra.

Source: own authorship (2024).

4.2.5 Considerations

The objectives of this experiment were to compare decay characteristics and the sound
field isotropy for different absorption configurations and excitation conditions (defined by the
various combinations of source and array positions) and, in parallel, to verify characteristics
relating to the sound field reconstruction process and numerical aspects of the plane-wave
decomposition process.

It was observed that the reconstruction for positions inside the volume defined to
generate the input points was consistently more accurate than for positions outside the
generating volume. This tendency is still verified even in outlier cases, which might be related to
the regularisation parameter selection or hardware connection problems during measurements.
Moreover, the quality of the reconstruction, apart from the outliers, displays the same behaviour
for all excitation conditions.

The numerical aspects of the plane-wave decomposition operator — the matrix H

— were analysed using the Gram matrix, from which the coherence of the operator and its
condition number can be evaluated. The analysis showed that the random array presents better
numerical characteristics than other array formats, such as spherical and planar arrays because
there is less redundant information input in the problem. This, by itself, does not guarantee



75

that the solution to the inverse problem accurately represents the physical characteristics of
the sound field, as the choice of regularisation parameters and operational and environmental
conditions also factor in estimating the angular spectrum.

The energy decay analysis consisted of analysing the overall tendencies of the
EDCs measured in all 210 positions for the different excitation conditions and absorption
configurations. Aside from that, the average linear regression of each EDC was calculated for
some interesting third-octave bands between -5 dB and the -25 dB — as in the 𝑇20 calculation,
aiming to extract a decay coefficient for each curve. All the regressions presented good fits for
this part of the curve. For the empty chamber, the variance in the decay coefficients is relatively
small, and there seems to be independence of the measurement or excitation positions in the
decay. Furthermore, the decays seem to be exponential when the chamber is empty. For the
concentrated absorption case, the decay functions stop being exponential, and the variance
of the estimated decay constants is larger than in the previous case. The decay constants
also seem less independent of the measurement and source positions, although a well-defined
relation can not be defined at this moment. When the absorber is divided into three areas,
the decay coefficients for the higher frequencies align with each other, and the variance of
the decay coefficients rises in comparison with the earlier cases indicating a larger variation.
Furthermore, the decay constant values become larger in absolute terms, indicating a faster
decay than for the earlier cases. The overall takeaway of this case is that due to this absorption
positioning, the energy decay is becoming less uniform in space but more uniform in frequency.
For the five areas division, the tendency is for the same changes observed for the three areas
configuration to happen, with an even larger approximation of the decay coefficients for the
higher frequencies and faster sound decays. In general, the effect of dividing the absorbing
surface and positioning in other directions is explained by Balint et al. (2022), which attests
that this transforms directions initially parallel to the absorber into directions that now have an
absorbing surface, leading to more reflections interacting with the absorbers, which results in
faster sound energy decays. This distribution of the absorption also makes the energy density
in the room more uniform, which in turn results in decays that are more spatially uniform.
However, this does not guarantee that a diffuse field exists in the enclosure, as is evidenced by
the diffuseness indicator. Notwithstanding, the evaluation of the decay can be valuable, because
even if it cannot guarantee that the sound field is diffuse, cases such as the three and five areas
absorption can be evaluated using techniques such as the one proposed by Balint et al. (2022),
which will reveal that the earlier decay might be indeed the one of a diffuse sound field —
exponential, or linear in a logarithmic scale — but only in specific directions.

Concerning the full-response diffuseness indicator, there is almost no variation of
the isotropy indicator relating to the excitation conditions in each absorption configuration,
indicating that the isotropy does not depend directly on the excitation condition. As expected,
the average isotropy for the empty chamber case is larger than the isotropy for the instances
with absorption. However, no sensible changes in the isotropy for the cases with absorption
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can be noticed. Another remark is the difference in the isotropy values when using the 1-norm
and the 2-norm. The 2-norm isotropy values are consistently larger than the 1-norm isotropy
due to the rotational invariance of the former. Because of that and considerations involving the
order truncation in the spherical-harmonics decomposition, the 2-norm was considered more
appropriate for the analysis.

The time-dependent isotropy analysis did not produce much information, as it was hard
to identify any behaviour pattern. Moreover, while the octave averaged values for the time-
dependent isotropy display a behaviour somewhat expected — higher isotropy in the empty
chamber — this can be due to an excessive averaging of the wavenumber spectrum, which can
lead to a forced smoothing of the average spectrum, promoting a higher isotropy value. In any
case, it was not possible to identify a behaviour for the time-dependent isotropy consistent for
the whole frequency range.

Looking at the absorption calculated from reverberation times extracted from one of the
array positions, the general effect of the distribution is that the absorption values rise. However,
all of the cases display different frequency behaviour than the model-based reference.

Further investigations relating to room diffuseness and decay characteristics are
necessary. It is currently unclear, for instance, how the array’s shape and distribution affect
the calculations of the wavenumber spectra aside from the numerical aspect of the estimate.
In this context, which also applies to Experiment #1 studied in Section 4.1, an array could
have excellent numerical properties but present poor acoustical problems, leading to poor
sound field representation. Although the operator can be numerically appropriate, the choice
of regularisation parameter can help mitigate problems such as the excessive reconstruction
errors in Section 4.2.3. Some types of regularisation parameters even allow for measurement
and operator error estimates to be informed, which can provide angular spectra that are more
accurate in representing the sound field and result in more accuracy in interpolation and
extrapolation. Other future investigations involve the analysis of sound decay using the Bayesian
estimation proposed by Balint et al. (2022), which can provide the actual decay constant values
and reverberation times, potentially leading to more precise analyses.
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5 CONCLUSION AND PERSPECTIVES

This work aimed to study experimental applications of the plane wave decomposition
process and, in the case of the sound field diffuseness analysis, to connect the diffuseness
measure with other sound field characteristics. Plane-wave decomposition involves solving an
approximate three-dimensional inverse Fourier transform employing a regularisation to estimate
its result from sampling the sound field at a particular frequency. The result of this calculation
is the wavenumber — or angular — spectrum. The analysis was conducted by means of two
experiments. In both experiments, characteristics of the sound field reconstruction using the
wavenumber spectrum estimates were also evaluated.

The first experiment involved using a random sampling of the sound field near an
absorbing surface to calculate the angular spectrum and then use it to estimate the absorption
coefficient. Subsequently, this wavenumber spectrum is used to calculate the incidence-
dependent sound absorption and the diffuse incidence sound absorption of the surface by
means of the Paris formula. The estimation of the diffuse incidence absorption coefficient was
deemed appropriate. Compared with Miki’s model’s values, the estimation through the angular
spectrum appears to have a systematic error. Moreover, the reconstruction analysis revealed
that, in general, a sampling composed of more positions produces reconstructions with smaller
errors. Furthermore, this technique revealed itself to be appropriate to in situ conditions and not
need very complex setups, as the robot can be exchanged for rigid arrays, and the sound source
does not have strict requirements for its position.

The second experiment consisted of calculating the isotropy in several excitation
conditions inside a reverberation chamber with changing absorption distributions around the
room. From that, the isotropy values were compared to the characteristics of the sound energy
decay in the room for different absorption configurations. The isotropy revealed that the
diffuseness is higher for the empty chamber than for the cases with an absorber. However, the
cases with absorption did not present significant differences in isotropy between themselves.
This may be due to the room’s characteristics, such as its dimensions, or that it was composed
of, essentially, two smaller rooms coupled. The distribution of the absorption around the room
had effects on the sound energy decay. With the absorber more distributed, the decays for
higher frequencies started to become uniform, tending to the same decay constant value. The
decays also become faster for all frequencies. Regarding the type of isotropy metric used, the
2-norm isotropy presents larger values. This is due to its characteristic of rotational invariance.
Thus, it was deemed more correct than the 1-norm metric. Concerning the reconstruction,
reconstructions to positions inside the same volume where the randomly generated array
positions were created present fewer errors, on average, than reconstructions to positions outside
the generation volume. Although it was impossible to observe any relevant diffuseness change
with the absorption distribution, its changes and effects on the absorption calculation were
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perceived. Moreover, the difference in diffuseness between the empty chamber and the cases
with absorption was verified, which is a sign that the processing is overall correct.

More investigations can develop from this work. Shortcomings identified in both
experiments, such as angular spectra that misrepresent the actual sound field or that present high
reconstruction errors, can be mitigated by investigations of factors such as better array shape and
control of the distances between microphone positions, more appropriate experimental setups,
with better array and source positioning, and the utilisation of other types of regularisation
parameters when estimating the wavenumber spectrum. This last topic is especially interesting
since there is evidence that different methods for finding the regularisation parameters can lead
to more accurate reconstructions, specifically in non-reverberating environments (de Carvalho
et al., 2022).
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APPENDIX A – INTRODUÇÃO (TRANSLATED TO PORTUGUESE)
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De acordo com Brandão(BRANDÃO, 2016), a acústica de salas é uma área do estudo
generalizado do som que envolve a interação do som dentro de ambientes fechados. O
comportamento do som dentro deste ambiente está relacionado com as interações entre o som e
as superfícies dos objetos e os limites da sala. Nesse contexto, muitos ambientes em condições
reais, como salas de gravação, auditórios, salas de aula, salas de videoconferência, salas de
concerto, e até mesmo cabines de audiometria, devem ser projetados, simulados e construídos
utilizando técnicas provenientes da acústica de salas.

Determinar as características acústicas dos materiais é relevante ao projetar, simular,
ou especificar materiais de construção. Com respeito a reflexão do som incidindo em uma
superfície, Brandão (BRANDÃO, 2016) define três tipos de fenômeno: absorção, reflexão
especular, e reflexão difusa. A parte dessas, há outros efeitos e características relacionadas como
perda por transmissão (JACOBSEN; JUHL, 2013), efeito de difração de borda (KUTTRUFF,
2009),e a impedância de superfície (VORLÄNDER, 2008).

A partir dessas características, um engenheiro pode prever ou simular como o som se
comporta nesse recinto e tomar decisões que afetarão requisitos de projeto como isolamento,
coloração, tempo de reverberação, e nível de ruído de fundo, dentre outros.

Portanto, a existência de processos bem definidos de medição de parâmetros de materiais
que afetam requisitos de construção é essencial. Normalmente, as medições são embasadas em
padrões aprovados pela Organização Internacional de Normalização (em inglês: International

Organization for Standardization, ISO). Até mesmo a nível local, orgãos de padronização como
a Associação Brasileira de Normas Técnicas (ABNT), o Instituto Alemão para Normalização
(em alemão: Deutsches Institut für Normung, DIN), a Instituição Britânica de Normas (em
inglês: British Standards Institution, BSI), a Sociedade Americana para Testes e Materiais (em
inglês: American Society for Testing and Materials, ASTM), e o Instituto Nacional Americano
de Normas (em inglês: American National Standards Institute, ANSI) se baseiam em normas
ISO quando definem seus procedimentos e requisitos. Às vezes, uma norma ISO pode ser
inclusive aceita como uma norma local.

As normas ISO, em especial a ISO 354 (ISO, 2003), e a ISO 3382 (ISO, 2010),
eventualmente aplicam resultados clássicos e técnicas de acústica de salas como a equação
de Sabine para o cálculo da absorção em incidência aleatória (KUTTRUFF, 2009) e a integral
cumulativa no sentido inverso de Schroeder para medir tempo de reverberação (BRANDÃO,
2016). No caso da equação de Sabine, uma das hipóteses que embasam sua derivação é o
pressuposto de que o campo sonoro na sala é difuso. Vale ressaltar que a equação de Sabine
foi inicialmente desenvolvida empiricamente e posteriomente demonstrada sob a hipótese
mencionada.

Um campo acústico difuso pode ser definido de diversas maneiras e possui muitas
propriedades interessantes (de Carvalho; GOMES; SANT’ANA, 2022). De acordo com Jeong
(JEONG, 2016), um campo sonoro difuso é um campo sonoro no qual a pressão sonora é
uniforme em todos os pontos da sala (homogêneo), e a probabilidade de fluxo de energia é
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a mesma em todas as direções (isotrópico). Dito isso, em câmaras reverberantes, durante a
medição de absorção sonora, devido à concentração de absorção em uma superfície, é evidente
que existirá uma diferença em fluxo de energia na direção da absorção. Logo, o campo sonoro
não será difuso. Muitos pesquisadores apontaram esta inconsistência e despenderam esforços
para investigar temas como a variação excessiva dos valores do coeficiente de absorção e
da isotropia em câmaras reverberantes de laboratório em laboratório (VERCAMMEN, 2010;
JEONG; NOLAN; BALINT, 2018), a abordagem da isotropia em câmaras de reverberação
(NOLAN, 2019), o comportamento da isotropia durante o decaimento sonoro (BERZBORN;
VORLÄNDER, 2019), entre outras pesquisas.

No contexto do estudo de um campo sonoro em termos materiais, Kuttruff (KUTTRUFF,
2009) afirma que uma distribuição não uniforme da absorção dentro da câmara reverberante
fatalmente produz um campo acústico que não é difuso. Essa é a condição esperada no
procedimento proposto na norma ISO 354 (ISO, 2003), que tenta contorná-la adicionando
elementos difusores nos limites do recinto. Isto implica em uma séria de problemas porque
não somente é difícil quantificar o efeito destes difusores sobre o campo sonoro, mas a adição
destes aparatos difusores também pode levar a adição de mais absorção ao sistema, o que pode
causar resultados contaminados ou enviesados, normalmente apresentando valores de absorção
mais altos que a realidade. Ademais, o valor da absorção também pode ser superestimado a
valores acima de um devido ao efeito de difração de borda.

Todas essas incertezas e superestimações, efeitos de escolhas feitas na produção de
normas eventualmente leva companhias a selecionar laboratórios ou projetos de câmaras
reverberantes que favoreçam valores de absorção mais altos. Vercammen (VERCAMMEN,
2010; VERCAMMEN, 2009) se refere a isso como um processo de “compras”. Além disso,
a incoerência entre valores medidos as características verdadeiras de material podem levar
a más decisões de projeto feitas por arquitetos, engenheiros, e projetistas, influenciadas por
fatores ocultos que não podem controlar nem corrigir de forma prática. Inclusive, podem haver
diferenças entre as condições laboratoriais nas quais as medições são realizadas e as condições
reais de aplicação. Neste caso, técnicas de medição in situ para medir a absorção sonora podem
ser uma maneira interessante de contornar os requisitos de campo difuso.

A.1 Objetivos

Dentro do contexto apresentado, esta dissertação visa estudar aplicações da técnica da
decomposição em ondas planas para medir a absorção sonora de uma superfície e quantificar a
isotropia do campo acústico.
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A.1.1 Objetivos Específicos

Alguns objetivos específicos podem ser derivados do objetivo geral deste trabalho, sem
ordem específica:

• Implementar o processamento da decomposição em ondas planas utilizando técnicas
de solução de problemas inversos;

• Implementar o cálculo da absorção e a fórmula de Paris;

• Implementar a medida de isotropia empregando decomposição em harmônicos
esféricos;

• Validar os cálculos implementados usando simulação; e

• Realizar testes e experimentos.

Devido às diversas aplicações da decomposição em ondas planas, o aspecto
experimental desta epsquisa foi dividido em dois, uma parte focando nas medições de absorção
e outra focando nas medições de isotropia. Isto também permitiu que o autor utilizasse
conjuntosde dados medidos previamente pelo próprio autor em trabalhos prévios (de Carvalho,
2021), cujo tema foi a utilização de um robô como um array para realizar medições de campo
sonoro para os fins explorados neste trabalho.

A.2 Abordagem Metodológica

O campo sonoro dentro de um ambiente pode ser abordado de diversas maneiras. Nesta
pesquisa, optou-se por seguir as técnicas propostas por Nolan (NOLAN, 2019) para calcular a
decomposição em ondas planas do campo sonoro em uma região em particular dentro de um
recinto.

Para a medição da absorção in situ, os dados medidos pelo próprio autor em outro
trabalho (de Carvalho, 2021) foram utilizados. O experimento consistiu de uma superfície
absorvente montada em uma das paredes de uma laboratório com mobília e equipamentos.
A sala foi excitada com uma fonte omnidirecional, e um robô foi utilizado como um arranjo
seuqneciado de microfones com posições aleatórias para medir o campo sonoro próximo do
absorvedor. Das medições do array, os espectros angulares para uma faixa de frequência foram
calculados utilizando a decomposição em ondas planas, e cada um deles pode ser utilizado para
calcular a absorção sonora direcional da superfície. A fórmula de Paris (BRANDÃO, 2016)
pode estimar a absorção em incidência difusa a partir de valores dependentes da direção de
incidência.

Para os experimentos relacionados às condições de campo difuso, múltiplas baterias
de medições com arranjo sequencial com diferentes pares de posições de arranjo e de fonte



88

para diferentes configurações de absorção foram realizadas dentro da câmara reveberante. A
decomposição em ondas planas é calculada destes conjuntos de dados e, subsequentemente, a
isotropia do campo sonoro. Também é possível extrair as curvas de decaimento de energia em
cada posição de microfone das medições com arranjo. A intenção é identificar e correlacionar a
isotropia do campo sonoro e as curvas de decaimento de energia para as diferentes configurações
de absorção.

A.3 Estrutura do Documento

Capítulo 1 apresentou uma introdução ao tema desta dissertação e os principais objetivos
desta pesquisa.

Capítulo 2 mostra o embasamento teórico e uma revisão bibliográfica de conceitos e
técnicas vitais para a compreensão deste trabalho.

Capítulo 3 aborda a montagem experimental das medições com arranjo e justifica
algumas das escolhas feitas durante a etapa exploratória da pesquisa.

Capítulo 4 é dividido em duas partes, cada qual relacionada a um dos experimentos
conduzidos e suas respectivas análises e conclusões.

Capítulo 5 apresenta uma recapitulação geral do trabalho proposto, algumas descobertas
e algumas perspectivas de potenciais desenvolvimentos futuros.
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APPENDIX B – CONCLUSÃO E PERSPECTIVAS (TRANSLATED TO

PORTUGUESE)
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Este trabalho visou estudar aplicações experimentais do processo de decomposição
em ondas planas e, no caso da análise da difusividade do campo sonoro, a relacionar a
medida de difusividade com outras características do campo difuso. Decomposição em ondas
planas envolve resolver uma transformada de Fourier inversa tridimensional utilizando uma
regularização para estimar seu resultado a partir de medições do campo acústico em uma certa
frequência. O resultado deste cálculo é o espectro do número de onda — ou espectro angular. A
análise foi conduzida por meio de dois experimentos. Em ambos experimentos, características
da reconstrução do campo sonoro utilizando as estimativas do espectro do número de onda
também foram avaliadas.

O primeiro experimento envolveu a utilização de uma amostragem aleatória do
campo acústico próximo de uma superfície absorvente para calcular o espectro angular e
posteriormente utilizá-lo para estimar o coeficiente de absorção. Subsequentemente, este
espectro do número de onda é utilizado para calcular a absorção sonora dependente da
incidência e a absorção sonora em incidência difusa por meio da fórmula de Paris. A estimação
do coeficiente de absorção sonora em incidência difusa foi considerada apropriada. Comparada
com os valores obtidos por meio do modelo de Miki, a estimação por meio do espectro
angular aparenta ter um erro sistemático. Além disso, a análise da reconstrução revelou que, em
geral, um amostragem composta por mais posições produz reconstruções com erros menores.
Ademais, esta técnica se revelou apropriada a condições in situ e não necessita de montagens
muito complexas, visto que o robô pode ser substituído por arrays rígidos, e a fonte sonora não
possui requisitos rigorosos com relação a sua posição.

O segundo experimento consistiu em calcular a isotropia em diversas condições de
excitação dentro de uma câmara reveberante para várias distribuições de absorção ao redor da
sala. Para isso, os valores de isotropia foram comparados com as características do decaimento
de energia sonora na sala para diferentes configurações de absorção. A isotropia revelou que a
difusividade é mais alta para a câmara vazia que para os casos com absorvedor. Contudo, os
casos com absorção não apresentaram diferenças significativas na isotropia dentre eles. Isso
poder ser devido às características da sala, como suas dimensões, ou pelo fato de que ela
era composta por, essencialmente, duas salas menores acopladas. A distribuição de absorção
ao redor da sala teve efeitos no decaimento energético do som. Com o absorvedor mais
distribuído, os decaimentos para frequências mais altas começaram a ficar uniformes, tendendo
ao mesmo valor de constante de decaimento. Os decays também ficam mais rápidos para todas
as frequências. Com respeito ao tipo de métrica de isotropia utilizada, a isotropia de norma-2
apresenta valores mais altos. Isto se deve a sua característica de invariância rotacional. Portanto,
ela foi considerada mais correta que a métrica de norma-1. Com relação à reconstrução,
reconstruções em posições dentro do mesmo volume onde os valores aleatoriamente gerados do
arranjo foram criados apresentam erros menores, em média, que reconstruções em posições fora
do volume de geração. Embora tenha sido impossível observar qualquer mudanças relevantes
na difusividade com a distribuição da absorção, suas mudanças e efeitos no cálculo da absorção
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foram notados. Além disso, a diferença na difusividade entre a câmara vazia e os casos com
absorção foi verificada, o que é um sinal de que o processamento está, no geral, correto.

Mais investigações podem ser desenvolvidas a partir deste trabalho. Insuficiências
identificadas em ambos os experimentos, como espectros angulares que não representam
corretamente o campo sonoro real ou que apresentam erros de reconstrução altos, podem
ser mitigados por investigações de fatores como formatos melhores de array e controle
das distâncias entre posições de microfone, montagens experimentais mais apropriadas,
com posições melhores de arranjo e fonte, e a utilização de outros tipos de parâmetros
de regularização na hora de estimar o espetro do número de onda. Este último tópico é
especialmente interessante pois há evidências que métodos diferentes para definir o parâmetro
de regularização podem levar a reconstruções mais precisas, especificamente em ambientes não
reverberantes (de Carvalho et al., 2022).
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APPENDIX C – MATLAB FUNCTIONS AND SCRIPTS
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The MATLAB functions and scripts utilised in this research are available at https://
github.com/augustoc2112/PWD-and-Robot-Array, where they will be progressively published
following the publication of this work.

https://github.com/augustoc2112/PWD-and-Robot-Array
https://github.com/augustoc2112/PWD-and-Robot-Array
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ANNEX A – GRAS 46AQ SPECIFICATIONS

This annex is dedicated to displaying the frequency response (Figure 37) and the free-
field corrections (Figure 38) of the GRAS 46AQ diffuse field microphone. According to the
microphone datasheet, these plots were obtained from a 250 Hz excitation (GRAS Sound &
Vibration, 2021).

Figure 37 – GRAS 46AQ frequency response.

Source: GRAS Sound & Vibration (2021).

Figure 38 – GRAS 46AQ free-field corrections.

Source: GRAS Sound & Vibration (2021).
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